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Abstract 

We introduce a higher rank analog of the Pandharipande- Thomas 
theory of stable pairs |RR09j on a Calabi-Yau threefold X . More pre- 
cisely, we develop a moduli theory for frozen triples given by the data 

Of(-n) A F where F is a sheaf of pure dimension 1. The moduli 
space of such objects does not naturally determine an enumerative the- 
ory: that is, it does not naturally possess a perfect symmetric obstruc- 
tion theory. Instead, we build a zero-dimensional virtual fundamental 
class by hand, by truncating a deformation-obstruction theory coming 
from the moduli of objects in the derived category of X. This yields 
the first deformation-theoretic construction of a higher-rank enumer- 
ative theory for Calabi-Yau threefolds. We calculate this enumerative 
theory for local P 1 using the Graber-Pandharipande [GP99] virtual 
localization technique. In a sequel to this article |ShelO| . we show 
how to compute similar invariants associated to frozen triples using 
Kontsevich-Soibelman jMK08j . Joyce-Song |JS09j wall-crossing tech- 
niques. 
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1 Introduction 

The work of algebraic geometers to understand the rigorous mathemati- 
cal structure of Gromov-Witten invariants has led to introduction of new 
theories such as Donaldson-Thomas [ThoOOj and Pandharipande-Thomas 
theories [RR09] . The numerical invariants computed in each theory are 
conjecturally related to each other but the complete understanding of the 
connection between these invariants and invariants in Gromov-Witten the- 
ory has not yet been achieved. During several past years there has been a 
growth of interest in computing invariants associated to higher rank ana- 
logue of these theories. Toda [TodlOj and Nagao NaglO have succeeded in 



computing a class of higher rank Donaldson-Thomas type invariants using 
the the wall-crossing techniques developed by Kontsevich-Soibelman [MK08] 
and Joyce-Song [JS09J. In the present article we construct a machinery to 
compute the higher rank Donaldson-Thomas type invariants using intersec- 
tion theory. The outcome is a deformation theoretic higher rank enumerative 
theory for Calabi-Yau threefolds. One of our main results is the construction 
of a zero-dimensional virtual fundamental class for objects given as higher 
rank analogue of stable pairs in [RR09J . We carry out calculations over toric 
Calabi-Yau threefolds such as local P 1 to compute invariants associated to 
these objects using the method of virtual localization }GP99j . In what fol- 
lows we explain some of the required background in more detail: 
In [PT09] and [RR09] the authors introduce stable pairs given by a tuple 
(F, s) where s e H°(X, F) and F is a pure sheaf with fixed Hilbert polyno- 
mial and fixed second Chern character which has one dimensional support. 
It is shown that there exists a virtual fundamental class of degree zero over 
the moduli space of stable pairs and the invariants are defined by integration 
against this class. In the present article we develop a higher rank analogue of 
the theory of stable pairs; Let X be a nonsingular Calabi-Yau 3-fold over C 
with H 1 (Ox) = and with a fixed polarization L. A triple of type (Pe,P F ) 
over X is given by a tuple (E, F, (ft) where E and F have fixed Hilbert poly- 
nomials Pe and Pp respectively, F is a pure sheaf with one dimensional 
support over X and <j) : E — > F is a holomorphic morphism. We will intro- 
duce the notion of frozen triples of type (Pf, t) which means that in a given 
triple (E,F,</>), E 9* 0® r (-n) and F has fixed Hilbert polynomial P F . In 
other words we "freeze" E to be isomorphic to 0^ r (— n) but the choice of 
this isomorphism is not fixed. We will also work with closely related objects 
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called highly frozen triples given as quadruples (E, F, (j), tp) where E, F and 
(j) have the same definition as before but this time we have "highly" frozen 
the triple by fixing a choice of isomorphism tp : E = 0^{— n). The sta- 
bility condition for frozen and highly frozen triples is compatible with PT 
stability of stable pairs [RR09j (Lemma 1.3). We call this stability condition 
r'-limit-stability or in short r'-stability. By definition (Lemma 14. 4p a frozen 
(respectively highy frozen) triple (E,F,(p) of type (Pp,r) is f- limit-stable 

if and only if the map E F has zero dimensional cokernel. We give a 
construction of the moduli space of r'-stable frozen and highly frozen triples 
as stacks. We show that these moduli stacks are given as algebraic stacks. 
More precisely, the moduli stack of r'-stable highly frozen triples of type 
(p F ,r) m { s %p (r') is given as a Deligne-Mumford (DM) stack while the 

moduli stack of r'-stable frozen triples of type (Pp,r) OJt^jf '"^ (r') is given 

as an Artin stack. We also show that ^^FT^r') ^ s a GL r (C)-torsor over 

TX { s P ^ n) (T') (Proposition E31 Corollary E31 Theorems E21 EB ■ The no- 
tion of r'-stability condition turns out to be a limiting GIT stability and 
thus one can apply the results of Wandel [WanlOj (Section 3) to prove that 
the DM stack ^f^p^ir') has the stronger property of being given as a 
quasi-projective scheme 

Remark 1.1. One can construct the higher rank theory of stable pairs over 
a nonsingular projective 3- fold or a noncompact 3- fold such as a toric variety. 
However in the instance that the base 3- fold is chosen to be non-compact, 
in order to get well behaved moduli spaces, we require the condition that 
the one dimensional support of the sheaf F appearing in a frozen or a highly 
frozen triple is compact. We will show later an example of this situation 
when X is chosen to be a toric variety given by the total space of Opi (—1) © 
O p i(-1) ^P 1 (local P 1 ). 

Remark 1.2. As we will show later, at some instances we may need to 
work over non-compact moduli spaces. However, despite the fact that we 
prove our results over noncompact stacks, the torus fixed loci of these moduli 
stacks are compact which enable us to carry out localization computations 
over them. 

For a 3-fold X the natural deformation obstruction theories of stable 
frozen and highly frozen triples fail to provide well behaved complexes of 

correct amplitude over DH^^T'"^ (r') and ^^Fr™^ 7 "') anc ^ they ^° no * 
mit virtual cycles. We show that viewing the frozen and highly frozen triples 
as more complicated objects in T> b {X) given by J* : E — > F and computing 
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the fixed-determinant obstruction theory of I* will be the starting step in 
finding a well behaved deformation obstruction theory for the moduli stacks 
of frozen and highly frozen triples. This method has been successfully used 
in |RR 09] to obtain an alternative candidate for the obstruction theory of 
the moduli space of stable pairs. It is important to note that in the higher 
rank case, despite the fact that the object /* (with the fixed determinant) 
in the derived category does not distinguish between a frozen or a highly 
frozen triple, its deformation space does. In other words, it can be shown 
that given a frozen triple (E,F,(j)) and a highly frozen triple (E,F,(f>,tjj), 
both associated to the same object I' £ T> b (X), the space of flat deforma- 
tions of (E,F,(j)) and I' are equally governed by the group Ext 1 (/ , ,/*)o 
while the space of flat deformations of (E, F, 4>, ip) is not equal to that of L* . 
We summarize this remark as follows: 



Theorem. (Proposition 1.2, Theorem 1.3, Theorem 1.6). 



1. Fix a map f : S — > $Jt s (r'). Let S' be a square-zero extension 

of S with ideal I. Let T>efs(S' , OJT^p^^r')) denote the deformation 
space of the map f obtained by the set of possible deformations, f : 
S' 9Jt^^ T r ' n ' ) (r / ). The following statement is true: 



Vef s (S'M s %T\ T ')) = Hom(/£,F) ®1 



(1.1) 



2. Similarly for frozen triples let f : S — > Wl s prf' n (r'). Let S' be a 

square-zero extension of S with ideal 1. Let Vefs(S', 9n^ i F v r r ' n ^(r')) 
denote the deformation space of the map f obtained by the set of pos- 
sible deformations, f : S' — > Wtf^ (t'). The following statement 
is true: 

Vef s {S'M^ n \r')) - ExtH/^o ®I. 

(1.2) 

We show that over dJvf^ {t') deforming objects in the derived cate- 
gory leads to a 4-term deformation-obstruction complex of perfect amplitude 
[-2,1]: 
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Theorem. (Theorem \9.5\) . There exists a map in the derived category given 
by: 

Rirm* (R^om(I'X)o ® 7t x lo x ) [2] ^ L* (J ^ r>n) 

"'s.FT V ) 

After suitable truncations, there exists a 4 term complex E" of locally free 
sheaves , such that~E' v is self- symmetric of amplitude [—2, 1] and there exists 
a map in the derived category: 

E ,V ^>L' rn) , (1.3) 

smc/i i/iai /i -1 (o&*) is surjective, and h?{ob l ) and /i 1 (o6 t ) are isomorphisms. 

Here L* , P stands for the truncated cotanqent complex of the Artin 

Ms It V) 

stacft ISH^pV^ (t') which is of amplitude [—1,1]. 

The computation of invariants over 9?Tg i ^ r ' n ' ) (r / ) requires constructing 
a well-behaved virtual fundamental class. When X is given as a local toric 
variety (such as local P 1 ) we use torus-equivariant cohomology and Graber 
Pandharipande virtual localization technique [GP99] to compute the invari- 
ants. At the moment it is not clear to us how to classify the torus- fixed loci 
of ^Jl^ P prf' n \T f ). However this obstacle does not exist for the case of highly 
frozen triples; The existence of an additional "non-geometric" torus action 
(Section H2J) over 9JT^ hft ma kes it possible to classify the torus-fixed 
loci of fXft^ff (t') as a finite union of nonsingular compact components. 

Hence instead of developing a virtual class over 9Jt^^ r ' n ^ (r') we pull back 
the 4-term deformation obstruction complex in Theorem 19.51 via the forget- 
ful map 7r in Proposition 15.51 (Diagram (|5.ip ) and try to construct a virtual 
fundamental class for SJt^px ( T 0- We summarize by saying that the con- 
struction of an enumerative theory over STt^px^C 7 "') has two advantages: 

1. The construction of virtual fundamental classes and integration over 
DM stacks is in much more developed stage than over Artin stacks 

2. There exists a perfect classification of the torus fixed loci of highly 
frozen triples which makes it possible to do the computations using 
the virtual localization technique |GP99| . 

Let 7r : QJtg^jpx ( T ') ~~ ^sFT \ T ') denote the natural forgetful map in 
Proposition 15.51 (Diagram (|5.ip ). The complex 7r*E ,v is perfect of amplitude 
[—2, 1] and the main obstacle in constructing a well-behaved deformation 
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obstruction theory over the DM stack ^hft ( r ') * s ^° truncate 7r*E* v 
in to a 2-term complex and define (globally) a well-behaved deformation- 
obstruton theory of perfect amplitude [—1,0]. The simplest solution to this 
problem is to apply a cohomological truncation operation. Doing so requires 
obtaining a certain lifting map from g : Q n — > 7r*E* v (Proposition 19.121 and 
Lemma I9.14p . taking the mapping cone of this lift (and shifting by — 1) 
and proving that the resulting complex satisfies the conditions of being a 
perfect obstruction theory for Wt^px™^ 7 "') (Lemma 19.151) . Here Q,^ is the 

relative cotangent sheaf of tt : 9Jt^ F ^ n ^(r') — > Dtt^pV^'^r'). This procedure 
will remove the degree 1 term from the complex 7r*E ,v . We also require to 
remove the degree —2 term of 7r*E* v . We use the self symmetry of E* v and 
apply the same procedure to the dual map g v : 7r*E" — > T w (Lemma 19.161 
and Lemma I9.17P obtained from dualizing the map g. We finally obtain a 
local truncation of 7r*E ,v of perfect amplitude [—1,0] which we denote by 
G*. Assuming that 7r*E ,v is given by a 4 term complex of vector bundles: 

ir*E- 2 -> ^E- 1 -> tt*E° -> vr*^ 1 (1.4) 

it can be seen from our construction (Lemma 8.18) that locally the complex 
G* is given by 

-k*e- 2 tt* e ^ e t w -> ir*E° ®n w A ^E 1 

which is quasi-isomorphic to a 2-term complex of vector bundles 

Coker(d') Ker(d) (1.5) 

concentrated in degree —1 and 0. The existence of the lifting map g is guar- 
anteed Zariski locally over QJZ^px"^' 7 "') but not globally. Hence our strategy 
is to locally truncate 7r*E* v as explained above, construct the correspond- 
ing local virtual cycles and glue the local cycles to define a globally-defined 
virtual fundamental class. Our main summarizing theorem of this part is as 
follows: 

Theorem. (Theorem \9.11\l . Consider the J^-term deformation obstruction 
theory E* v of perfect amplitude [—2,1] over ^.^^'^(t') . 

1. Locally in the Zariski topology over SOt^px™^ 7 "') there exists a perfect 
two-term deformation obstruction theory of perfect amplitude [—1,0] which 
is obtained from the suitable local truncation of the pullback 7r*E ,v . 

2. This local theory defines a globally well-behaved virtual fundamental class 
overm[ P ^\r'). 
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Proving the second part of Theorem 19 . 1 1 1 req uires a technical assumption 
which we explain in Subsection 110. 1 1 

As discussed earlier if X has a torus action, then the moduli space of 
highly frozen triples inherits it (once we have chosen an equivariant struc- 
ture of Ox{—n)) (Section Let G denote the torus action induced on 

•^sBFT ' ( r 0- -^ can b e shown that a torus fixed point in the moduli stack 
corresponds to a G-equivariant highly frozen triple of type (Pf, t) (Proposi- 
tion [VjLZ])- The key observation is that a G-equivariant highly frozen triple 
of rank r is always written as a direct sum of r-copies of (C*) 3 -equivariant 
PT stable pairs (Remark 113.31 and Remark 113. 4ft : 

r 

/•,G^0 (Ox( _ n) ^ Fi) (C*) 3 _ (16) 

i=l 

Remark 1.3. The consequence of identity (jl.6p is of significant impor- 
tance since it enables one to immediately realize that the G-fixed loci of 
9JT^p^™^(r') are given as r-fold product of (C*) 3 -fixed loci of PT moduli 
space of stable pairs which are conjectured by Pandharipande and Thomas 
in [RR09] (Conjecture 2) to be nonsingular and compact. Hence, though our 
original moduli stack is constructed as a non-compact space, its torus-fixed 
locus is given as a finite union of compact and non-singular components. 

Let lq : Q — > 971^^"^ (r') denote a non-singular compact component of 

the torus fixed locus of ffft^p^ (t') . Let Gq : Go,q — > G\ : q be the dual of 
the restriction of the deformation obstruction complex in (jl.5p to Q. Using 
the method mentioned earlier, we construct the virtual fundamental class 
over all such Q and obtain the virtual localization formula (Equation 11.5): 



m (r,n) / n 
" m s,HFTV i 



E ^(#4-^Q)n[Q]). (1.7) 



The invariants associated to the highly frozen triples can be obtained by 



HFT(r,ra,/3) = / 1. 



We compute the partition function associated to the invariants of highly 
frozen triples in complete generality and show that this partition function 
is given as r-fold product of PT partition function : 



^HFT= E P --^ nm • (1- 



s 



Here n is our fixed large enough choice of twisting. Moreover using the 
computational techniques in equivariant obstruction theory, we compute 
the 1-legged equivariant Calabi-Yau vertex for X given as the total space of 



2 Acknowledgment 

The author thanks Sheldon Katz and Tom Nevins for their endless help 
and insight over the past years. Thanks to Richard Thomas for the in- 
valuable help and for sharing with the author his understanding of the de- 
formation theory of objects in the derived category. Thanks to Emanuel 
Diaconescu for several discussions at RTG summer school at U.Penn in 
2009. Thanks to Amin Gholampour for reading different versions of this 
article and many helpful discussions. Thanks to Kai Behrend for discus- 
sions in wallcrossing conference at UIUC and for pointing out the work 
in |Nos07] on the construction of the virtual fundamental classes for Artin 
stacks. Thanks to Rahul Pandharipande, Davesh Maulik, Jim Bryan, Daniel 
Huybrechts, Yokinobu Toda, Tom Bridgeland, Dominic Joyce, Sam Payne, 
Julius Ross, Max Lieblich, Martin, Olsson, Brent Doran, David Smyth, 
Francesco Noseda, Markus Perling for kindly answering questions about dif- 
ferent aspects related to this project. The author acknowledges support from 
NSF grants DMS 0244412, DMS 0555678 and DMS 08-38434 EMSW21- 
MCTP (R.E.G.S). 

3 Definition of triples 

Definition 3.1. Let A be a nonsingular projective Calabi-Yau 3- fold over 
C (i.e K x = O x and ni(X) = which implies Y^{O x ) = 0) with a fixed 
polarization L . A holomorphic triple supported over A is given by (E, F, </>) 
consisting of a torsion free coherent sheaf E and a pure sheaf with one 
dimensional support F, together with a holomorphic morphism <p : E — > F. 
A homomorphism of triples from (E' , F' ,</>') to (E,F,(j)) is a commutative 
diagram: 



O p i(-1) eO P i(-l) ^P 1 (Example QM]): 




(1.9) 
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Now let S be a C scheme of finite type and let irx ■ X x S — > X and 
tts : X x S — > S be the corresponding projections. An S-flat family of 
triples over X is a triple {£, P, <p) consisting of a morphism of OxxS modules 

£ T such that £ and J 7 are flat over S and for every point s G S* the fiber 
(£,J-,(ft) \ s is given by a holomorphic triple over X. Two ,5- flat families of 
triples (£, P, <j>) and (£' , P' , 0') are isomorphic if there exists a commutative 
diagram of the form: 




Remark 3.2. A triple (E, F, <p) of type (Pe, Pf, P) is given by a triple such 
that P(E(m)) = P E and P{F(m)) = P F and /3 = ch 2 (F). During the 
discussion, for simplicity, we omit j3 and write a triple of type (Pe,Pf)- 
Since by assumption the sheaf F has one dimensional support, the Hilbert 
polynomial of F in variable m satisfies: 

p F ■= P(F(m)) = x(F(m)) =m / a(L) + d. (3.1) 

Jp 

Here ci(L) is the first Chern class of the fixed polarization L over X and 
d G Z and /3 as before is cli2(-F). Note that Pp is a polynomial of degree= 
dim(Supp(i ? )) = 1 and by rank of F (denoted by rk(F)) we mean the 
leading coefficient of Pp. 

Definition 3.3. Define a frozen triple of rank r as a holomorphic triple in 
Definition 13.11 such that E = Ox{—n)® r for some fixed large enough neZ, 
We call the frozen triples of rank r "of type (Pp,r)" when the sheaf F has 
fixed Hilbert polynomial Pp. Moreover, an S-flat family of frozen-triples is 
a triple (£,F,(j)) consisting of a morphism of OxxS modules cp : £ — > T 
such that £ and T satisfy the condition of Definition 13.11 and moreover 
£ = i:* x Ox{—n) <8> it^Ms where A4s is a vector bundle of rank r on S. 
Two S-flat families of frozen-triples (£,J-,(fi) and (£',F',4> ! ) are isomorphic 
if there exists a commutative diagram: 
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Si 



£2 



£ 



F 



Now we define highly frozen triples. 

Definition 3.4. A highly frozen triple is a quadruple (E, F, <j>, ip) where 

(E,F,(j>) is a frozen triple as in Definition 13,31 and ip : E ^> Ox{— n)® r is 
a fixed choice of isomorphism. A morphism between highly frozen triples 



(E' , F' , (j)' , ip') and (E, F, (j>, ip) is a morphism F 1 
diagram is commutative. 



F such that the following 



Ox(-n) 
id 

Ox(-n) 



1b'- 1 6' 
— ► E> — ► F' 



E 



F 



An S-flat family of highly frozen-triples is a quadruple (£, F, (p, ip) consisting 
of a morphism of OxxS modules £ A F such that £ and F satisfy the 
condition of Definition 13.11 and moreover ip : £ ^> ir x Ox{— n) <8> ^s^s 1 " 1S 
a fixed choice of isomorphism. Two S-flat families of highly frozen-triples 
(£,F,p,ip) and (£' ,F' ,p' ,ip') are isomorphic if there exists a commutative 
diagram: 

» <t>' 

7T* x O x (-n) <g> ir* s O® r — > £' — > F' 

id , = 
7T^e> x (-n) ® 7rJO® r — > £ > F 



4 Stability of frozen triples and its relationship to 
stability of PT pairs 

Definition 4.1. Let qi(m) and q2(fn) be positive rational polynomials of 
degree at most 2. A holomorphic triple T = (E,F,p) of type (Pe,Pf) is 
called r-semistable (respectively, stable) if for any subsheaves E' of E and 
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F' of F such that + E' © F ' ^ £ F and C F': 

+ gi (m) (Pr - rk(F') ( + |^|)) < 0/re.p. < 0. 

(4.1) 

f-stability versus Le Potier's stability 

Consider the special case in which the triples are given as coherent sys- 
tems, i.e when E = V (g> Ox such that T C H°(F). For simplicity we denote 
this coherent system by (T,F). Recall that by a sub-coherent system we 
mean a pair (T,F) C (r, F) which is given by T £B3 Ox — > F', i.e a sub- 
sheaf 0-> Af and f C H°(F) such that i(f ) C I\ We intend to work 
with one stability parameter. We use the rational function q(m) instead of 
qi(m) and q2(m) by setting q2{m)/q\(m) := q(m). Assume T <g> Ox — > F is 
f-semistable, i.e for all (f,F) C (I\F): 



(4.2) 



Hence one obtains: 



+ (^-^' ) (^) + ^y)) so - 



(4.3) 



By carefully rewriting, one obtains: 



Pf + g2M _ dim(r) > Pjv + g 2 M _ dim(f) ^ ^ 



rfc(F) dim(r) rk(F) ~ rk{F>) dim(r) rk(F') 

Which is similar to Le Potier's criteria for stability of (r, F) if we require 
this inequality to hold for every choice of sub-coherent systems (T,F'). We 
explain this similarity in the remark below. 
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4.1 Statement of f-stability for frozen triples of type {Pp,r) 

We study the stability of frozen triples of type (Pp,r). Fix a frozen triple 
(E,F,(f)) of type (Pp, r). The subtriples of this frozen triple are given by 
triples of the form (E',F',vp) for which the following diagram commutes: 



E' 



E 9* O x (-n 



1> 



F' 



F 



(4.5) 



The stability assumption means that for (E, F, cp) the following condition is 
satisfied: 

VE' C E and VF' C F such that O x (-n)® r F / and 

(p(E') C F'\ 

( \(x3 ut?'\( Pe ^( m ) 
q2{m) P E > - rk(E ) 

V \ r r 

+ qi (m)(p F/ -rk(F')[^ + ^] I -0. 



(4.6) 



Taking the sub-triple to be O x (-n)® r F' such that F' C F, then the 
stability condition is written as: 



+ Q2(m) ■ qi{m) 



92 M {p^=n) 




(4.7) 



Divinding by qi(m) and setting g(m) 



q2{m) 
qi(m) 



we obtain: 



(m) 

rk(F') ' rk(F') ~ rk(F) ' rkJF)' 



Pf> q(m) < Pjr 



(4.8) 



Which is again somewhat similar to Le Potier's condition for coherent sys- 
tems [Pot93| . We are now ready to give a complete f-stability condition for 
frozen triples of type (Pp,r): 
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Definition 4.2. Let q(m) be given by a polynomial with rational coefficients 
such that its leading coefficient is positive. A frozen triple (E, F, cp) of type 
(Pp,r) is f-stable with respect to q(m) if and only if: 

1. for all proper nonzero subsheaves G C F for which <fc does not factor 
through G we have: 

Pg Pf , q(m) 

rk(G) rk{F) rk(F)' 

2. For all subsheaves, G C F which the map <f) factors through: 

+ («)(^ + ||))<o. 

(4.9) 

It is trivially seen that equations (|4.8p and (|4.9p are exactly equivalent 
to each other. 

4.2 g(m) — )■ oo limit stability for frozen triples of type (Pf, t) 

We show that the r'-stability condition for frozen and highly frozen triples 
is asymptotically similar to stability of PT pairs [RR09j (Lemma 1.3). 

Definition 4.3. Fix q(m) to be given as a polynomial of degree at least 2 
with rational coefficients such that its leading coefficient is positive. A frozen 
(respectively highly frozen) triple of type (Pp,r) is called to be q(m) — > oo 
r'-limit-stable if it is stable in the sense of Definition 14.21 with respect to this 
fixed choice of q(m). 

Lemma 4.4. Let q(m) be a polynomial as in Definition \4.3\ A frozen triple 

(E, F, (f>) of type (Pf, t) is f -limit- stable if and only if the map E F has 
zero dimensional cokernel. 

Proof. For simplicity, we use 0^ r (— n) instead of E. The exact sequence 

— > K — > Ox(— n)® r —> F — > Q — > induces a short exact sequence — > 
lm(0) — > F — > Q — > 0. Therefore one obtains the following commutative 
diagram of the triples: 

4> 

O x (-n)® r — -> lm(0) 

O x (-n)® r ► F 



14 



Now we assume that Ox{— n)® r — > F is a q(m) — > oof-limit-stable triple : 
,W + (p ImW -rt(Im W )).(-^_ + ^))<0. 

(4.10) 

In other words by rearrangement: 

Consider the polynomials on both sides of inequality (|4.1U|) with respect to 
the variable m. One sees that the right hand side of (|4,10p is a polynomial 
in m of degree at most 1. However by the choice q{m) as in Definition 14.31 
one sees that the left hand side of the inequality is given by a polynomial of 
degree at least two with positive leading coefficient. Hence the left hand side 
becomes larger than the right hand side and the only way for the inequality 
to make sense is to have the left hand side to be equal to zero, i.e rk(Im((j))) = 
rk{F) and therefore Q must be a zero dimensional sheaf. For the other 
direction: Assume that Q is not a zero dimensional sheaf and the triple 
is f-limit-stable. Now by similar argument, since degree of q(m) is chosen 
to be sufficiently large enough, rk(Jm(cp)) = rk(F) which contradicts the 
assumption of Q not being zero dimensional sheaf and this finishes the proof. 

□ 

Remark 4.5. By Lemma [4.41 it is seen that q(m) — > oo r'-limit stable pairs 
are given as the higher rank analog of PT stable pairs [RR09j.We proved in 
Lemma 14.41 that the notion of q(m) — > oo coincides with the notion of q(m)- 
stability for a suitable choice of q(m) given in Definition 14.31 The important 
outcome of this conclusion is that for a suitable choice of q(m) the notion 
of q(m) — > oo r'dimit-stability comes from a GIT notion of stability. 

5 Construction of moduli stacks 

Throughout the rest of this article by -/-stability we mean the q(m) — > oo 
r'-limit-stability. 

5.1 Definition of moduli stacks as categories fibered in groupoids 

Definition 5.1. Define QJl^p^ ' ( r to be the fibered category p : S^^ft™^ 7 "') ~^ 
Sch/C such that for all S G Sch/C the objects in ^n[f^p^\T') are S'-flat 
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families of r'-stable highly frozen triples of type (Pf, v) as in Definition 13,41 
Given a morphism of C-schemes g : S — > K and two families of highly 
frozen triples Ts := (£,£,(/), ip)s and Tk '■= (£',£', <t>',ip')K as in Definition 
3.41 (sub-index indicates the base parameter scheme over which the family 



is constructed), a morphism Tg 
isomorphism: 

vs-Ts- 



T K in Wl 



(PF,r,n). 



,HFT 



r') is defined by an 



(g x 1 X )*T K . 



Definition 5.2. Define m[ ^/'"'(t') to be he fibered category p : ffltf* '{' n) (r' 



Sch/C such that for all 5 € Sch/C the objects in 9Jt^£ ( r' 



l s,FT 

are 5- 

flat families of frozen triples of type (Pp,r) as in Definition 13.31 Given 
a morphism of C-schemes g : S ^ K and two families of frozen triples 
Tg := (£,£,(f))s and TV := {£',£' , 4>')k as in Definition 13.31 (sub-index in- 
dicates the base parameter scheme over which the family is construced), a 
morphism Tg — > TV in dJl^fp^! ' n \r') is defined by an isomorphism: 



v s : T s ^ (g x 1 X )*T K . 

Proposition 5.3. Use definitions [5A\ and \5.^ . The fibered categories ^^hft™^ 
and dJl^prf'""^ (t') are stacks. 

Proof. This is immediate from faithfully flat descent of coherent sheaves and 
homomorphisms of coherent sheaves |vis04j (Theorem 4.23). □ 

Remark 5.4. There exists a forgetful morphism g' : 2Jt^^ r ' n ' ) (T / ) — > B GL r (C) 

which is given by taking a frozen triple {(E, F, <f))} G 9K^ r ' n) (r') to {E} G 
BGL r (C) by forgetting F and (p. 

Proposition 5.5. The natural diagram: 



5 



IT 

(P F ,r,n) i 
s,FT 



pt = Spec(C) 

i 



r') 



£GL r (C) 



Spec(C) 
GL r (C) 



(5.1) 



is a fibered diagram in the category of stacks. In particular 9fts^FT^ ( r ^ s a 
GL r (C)-torsor over DJt^j^' ' n \r') . It is true that locally in the flat topology 

^sFT^^') = S^s^hft"^ 7 "') x gl C (c) ' This isomorphism does not hold 
true globally unless r = 1. 
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Proof. We show that there exists a forgetful map tt : ^^hft ( r 



m { s J/' n) (r') which induces a map from OJtg^V) x I !g|ef| to 27t^//'" J (r') 
and show that this map has an inverse locally but not globally unless r = 1. 
First we prove the claim for r = 1. By definition S^hfi^' 7 "') s t &n ds f° r the 
moduli stack of rank 1 r'-stable highly frozen triples. Moreover Wl^fp^lr') 
stands for the moduli stack of rank 1 r'-stable frozen triples. For r = 1, 
GLi(C) = G m . For a C-scheme S, an S-point of ^J^(r') x [^gp] is 
identified with the data (Oxxs(— n ) F, £s) where Cs is a G m line bundle 
over S. Let tts ■ X x S —> S be the natural projection onto the second factor. 
There exists a map that sends this point to an S'-point a £ (9Jlg i j^ 1 ^(r'))(S') 

which is obtained by tensoring with Cs, i.e Ox\— n) 13 Cs — > F M Cs- 
Note that tensoring Oxxs(— n ) with vrj/3s does not change the fact that 
Oxxs{— n ) IsgS— Ox(— n) 13 [ s£ 5 fiber by fiber. Moreover, there exists 
a section map s : CDT^p (V) — > ^^hftC 7 "') x [ Sp ^ c ^ ]. Simply take an 
5-point [O x (-n] MC S -> F] G (OK^ V))(^) an d send to an S-point in 
(Tl { s P ^(r') x [«%(S) by the map 

[Ox(-n) mCs^F}^ ([Oxxs(-n) -+ F vr^" 1 ], C s ). 

Note that since Cs is a line bundle over S then it is invertible and hence a sec- 
tion map is always well defined and WI^^\t') is a gerbe over 9Jt^p^(r'). 
To proceed further we state the following definition. 

Definition 5.6. Consider a stack (2),P2) : 2) ~~ ^ Sch/C). Given Two mor- 
phism of stacks tt\ : X — > 2J and 1T2 : X' — > 2) , the fibered product of X and 
X' over 2) is defined by the category whose objects are defined by triples 
(x,x',a) where x S X and x' G X' respectively and a : 7Ti(x) — > ^(x') is 
an arrow in 2) such that p%\{a) = id. Moreover the morphisms ( X . X , J t 
(y, y', /3) are defined by the tuple ((j) : x — > y, ip : x' — > y') such that 

tti(^) o a = P o vr 2 (0) : P E (x) -> P F (y'). 

Now let r > 1. There exists a forgetful map 7r : 27t^p!^ n ^(r') — > 

^^FX C?"') which takes (E, F, 4>, ip) to (E, F, <p) by forgetting the choice of 

isomorphism, if}. Moreover, there exists a map g' : m { s P ^ n \r') ^ BGL r (C) 
by Remark 15.41 Finally there exists the natural projection i : Spec(C) — » 



Spec(C) 



Spcc(C) 
GL r (C) 



i3GL r (C). It follows directly from Definition 15.61 that the dia- 
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gram: 



9JT 



(Pp,r,n) 
:,HFT 

7T 

(P F ,r,n) 
s,FT 



(r') 



(r') 



is a fibered diagram and ^^ft™^ 1 "') = ^s^t '^C 7 "') x BGL r (c)P*- Here one 
cannot use the same argument used for frozen triples of rank 1 to conclude 



pt = Spec(C) 



£GL r (C) 



(P F ,r,n), 



Spcc(C) 
GL r (C) 



that there exists a section map s : WlJ^f (r') 



Spcc(C) 



GL r (C) 

since as we showed, the S'-point of 23GL r (C) is a GL r (C) bundle of rank 
r over S and this vector bundle is trivializable locally but not globally. 
Therefore locally in the flat topology one may think of 9Jt^/' n) ( T ') as 

isomorphic to ^^FT^ 7 "') x [ gl °(C j 1 no * globally. ^ 

Next we show that the moduli stacks of frozen and highly frozen triples 
are given as algebraic stacks. 



5.2 Boundedness 

As we will show in this section, the moduli stacks of frozen and highly frozen 
triples are given as the stacky quotients of a base parametrizing scheme by 
group actions. In order to construct this parameter scheme we need a certain 
boundedness property for the family of triples of fixed given type. In [WanlO| 
(Definition 1.1) Wandel studies the construction of the moduli space of ob- 
jects (j) :T> — >• £ denoted as pairs. These objects are defined similar to triples 
in Definition 13.11 The author introduces the notion of Hilbert polynomial 
and reduced Hilbert polynomial for a pair [WanlOj (Definition 1.3). More- 
over, the author defines a semistability condition denoted as (5-semistability 
[WanlO] (Definition 1.4) where 5 is given as a stability parameter. Replac- 
ing 5 with q(m), it is easily seen that Wandel's notion of (5-semistability 
is completely compatible with our notion of r'-semistability in Definition 
14.21 Here we state a proposition in [WanlOj without proof which ensures 
one to obtain the required boundedness condition for the family of triples. 
The following statement can be adapted to our case once one replaces the 
notion of pairs and (5-semistability in [WanlO with our notion of triples and 
r'-smeistability respectively. 

Proposition 5.7. J Wanl 0f ( Proposition 2.1) Given a pair (j) : T> — > £, Let 
P and 5 be polynomials. Then there is a constant C depending only on P 
and T> such that for every Ox -module £ occurring in a 5-semistable pair we 
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have fJ>max(£) < C . In particular, the family of pairs which are semistable 
with respect to any stability parameter 5 having the fixed Hilbert polynomial 
P is bounded. 

Following this proposition it is shown in [WanlOj (Proposition 2.4) that 
a family of 5-semistable pairs with given fixed numerical data (such as fixed 
Hilbert polynomials) satisfy a regularity condition. Hence, it is shown that 
given a bounded family of <5-semistable pairs, the sheaves T> and 6 appearing 
in the family satisfy the condition that for some large enough integer n' 
the sheaves T>(n') and £ (n 1 ) are globally generated [WanlOj (look following 
Definition 3.2). 

6 Moduli stacks as algebraic stacks 

6.1 The Parameter Scheme of f-stable highly frozen triples 
of type (Pp, r) 

Replacing the pairs and <5-semistability in [WanlOj (Section 2) with triples 
and r'-semistability and adapting the results of propositions 2.1 and 2.4 in 
[WanlOj to our case one finds that there exists an integer n' such that for 
all coherent sheaves E and F appearing in a family of f- (semi) stable triples 
(E,F,(j)), E(n') and (in particular) F{n') are globally generated. Now use 
notation of Definition 13.11 One first constructs an S-flat family of coherent 
sheaves F with fixed Hilbert polynomial Pp. By construction the family of 
coherent sheaves F appearing in a r'-stable triple is bounded and moreover 
the large enough twist F{n') is globally generated. Fix such n' and let Vp be 
a complex vector space of dimension <ip = Pp(n') given as V F = H°(P®L n '). 
Let Qf denote Quotp F (Vp (g> Ox (— n')). Now we fix a large enough integer 
n (not necessarily equal to n'). We construct a scheme which parameterizes 
morphisms O x r (— n) — > F. There exists a bundle V over Qp whose fibers 
parametrize H°(P(n)). It is trivially seen that the fibers of the bundle V® r 
parametrize H°(P(n))® r . In other words the fibers of P® r parametrize the 
maps E -> F such that E = O x r (-n). Now let 

ei PF ' r ' n \r') CP er (6.1) 
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be given as an open subscheme of V® r whose fibers parametrize r'-stable 
highly frozen triples E — >■ F. 

V F ®O x {-n') 



Ox(-n) 



F 



Definition 6.1. Given a quasi-projective C-scheme A and a complex group 
G, the quotient stack [g] is given as a fibered category over Sch/C such 
that for any C-scheme 5, [^] (S) consists of pairs (P,7r)s , where P is a 
principal G-bundle over S and it : P — > A is a G-equivariant morphism. 



Theorem 6.2. Let 6 



(Pp,r,n)/ / 



(r ) 6e i/ie stable locus of the parametrizing 



scheme of highly frozen triples of type (Pp,r) as in (|6.ip , Let 



6e £/ie stack-theoretic quotient of& 



(P F ,r,n) 



GL(V» 



t') fry GL(Vp) where Vp is defined 



as in Section \6.1\ Then there exists an isomorphism of groupoids 



(m (P F ,r,n) ( ^ 



6 



(P F ,r,n) 



(r') 



(6.2) 



Proof. Consider the scheme & 



GL(Vp) 

' i TI \t'). First, one shows that there ex- 



ists a functor q : 



„(P F ,r,n) 



(r') 



Wl s hft™ ( r ')- Then one shows that there 



r( p F> r > n )t 

GL(Vp) 

exists a functor in the opposite direction and finally one proves that the com- 
position of the two functors is a natural isomorphism of categories fibered 
in groupoids. Look at [Gom99| for more general treatment. Diaconescu 
[Dia08| uses a similar proof to construct the moduli stack of ADHM sheaves 
supported over a curve as a quotient stack. Fix a parametrizing scheme 



S over C. The fiber of the quotient stack 



6i Pj? ' r ' n V) 



GL(Vf) 



over S consists 



of pairs (P,ttq)s as in Remark 16.11 (where A in Remark 16.11 is replaced by 
&i PF,r,n \T')). Let T := Ei — > E2 be the universal r'-stable frozen triple of 



type (Pp,r) over X x & 



(PF,r,n) t 



t'). Given: 



7T 6 



6 (PF,r,n) (7 



P 



S 



(6.3) 
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one obtains a diagram: 



P x X 

(p x l x 

SxX 



Let K be a C-scheme and let g : S — > K be a morphism of C-schemes. A 



morphism in 



&[ P F' r ' n \r') 



GL(Vf) 

given by a commutative diagram: 



between two objects (P',^©^ and (P,ttL)k is 



g(P F ,r,n)^, 




(6.4) 

such that v is an isomorphism of principal GL(Vf)-bundles over S. Note 
that by construction in Section [6TT1 the objects parametrized by &^ PF,r ' n ' (t') 
are given by a morphism Ox{—n)® r — > -F such that -F (itself) is given as a 
flat quotient Vf <8> Ox(-n') — » F. Now define a morphism 

by forgetting the surjection Vf <S> 0x( — n F. Note that by construction 
and since the map ttq in diagram (16. 3ft is GL(Vp)-equi variant then one 



obtains a map from S to SOT 



(P F ,r,n) 
s,HFT 



(t') i.e one obtains an induced diagram: 



7re 



5 



& { s PF ' r ' n) (r') 



m {P F ,r,n) ( ,s 



(6.5) 



Since 5*vrg op = 7r©, it is guaranteed that (7r e x lx)*T = (gx lx)*((vre) x 
lx)*T and this isomorphism descends to T$ — > {g x 1x)*Tr- where and 
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Tk are as in Definition 15.11 Hence the map q' in (|6.5[) factors through a map 
^ 3 GL(v>) ~~ ^ hft" ( r ')- For the other direction one uses Lemma 

4.3. i in |HL97j and the methods described in |Dia08j . Let tt s : X x S -> S 1 
and 7rx : I x 5 -> I. Let J 7 denote the S-fiat family of coherent shaves 
appearing in r'-stable family of triples of type (Pp,r). By Definition 15.21 

WI ( s P ^p^ 1 \t')(S) is given by an S-flat family of frozen highly triples if type 
(Pp,r). Since the Hilbert polynomial of F in the family is fixed then there 
exists a large enough integer n' such that F appearing in the family is n'- 
regular and F(n') is globally generated. This ensures that the direct image 
sheaves of J~{n') via ng '■ X x S — > S is globally generated and the higher 
direct image vanishes, i.e. B := (tts)*(F ®iT x O x (n')) is globally generated. 
Then there exists a surjective morphism: 

Tr* s B® XxcS 7r* x (O x (-n'))^T^0. (6.6) 

Now let the principal GL(V/?)-bundle p : P — > S be defined as: P = 
IsomiVF <X> Os — > B). Since P is given by a frame bundle over S then 
one has p*B S Vp <g> O p . Now pull back by (p x l x ) : P x X -> 5 x X and 
obtain: 

(p x lx)*(7r£B ® Xxc5 7r^(Ox (-«'))) -> (P x -> 0. (6.7) 

On the other hand: 

(p x 1x)*(tt^ %x c s vri(Ox(-n'))) = F F ®(px l x )*(7r^(O x (-n'))). 

Now denote F F = (p x lx)*-? 7 - So one obtains an isomorphism 

p*£ (vrp), [7- p XxP (p x lx)*(7r^Ox(n'))] • 

Let {6} € P be a closed point. By evaluation at {b} one obtains p*£? |x x m— 
Vp <g> Xx {b} and: 

(vrp), [j- p ® XxP (p x lx)*{** x Ox(ri))] \ Xx{b} = H° [7- p (n') | Xx{6} ] . 

(6.8) 

twisting the map: Vp ®0 Xx ^{— n') — > F F \ Xx {b} by n and taking the zero 
cohomology one obtains an isomorphism: 

H° [V F ® Xx{b} ] ^ H° [F v {n') | Xx{6} ] . (6.9) 

Hence for every closed point {&} £ P one gets an isomorphism in the level 
of zero cohomologies. We use this fact to construct a family of stable highly 
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frozen triples parametrized by P. This family is obtained by applying (7rp),, 
to the following morphism over P: 



V F % xP (p x l x )*(ir* x O x (-n')) -)• J" 1 



(6.10) 



which is naturally GL(Vp)-equivariant by construction and it gives rise to 



a classifying GL(Vp)-equi variant morphism P — > (5 



(Pp,r,n) 



(t'). Now con- 



sider two objects in ^^hft (t') and a morphism between them. This 
data by Definition 15.21 is a pair (g,vs) such that g : S —¥ K and v$ ■ 
Ts (g x lx)*^Jf> However since these two families determine princi- 
pal GL(Vp) -bundles over S and K respectively, we obtain a morphism of 
principal GL(Vp)-bundles: 



P (<? x 1 X )*P 

5 



A' 



(6.11) 



Let h : P — > (gx lx)*P, it is verified that the family 1i*v*Tk and Ts are iso- 



morphic. Therefore there exists a functor j : 97t^gFx vO 



GL(Vf) 



and also it is verified that q o j and j o q are natural isomorphisms. 



□ 



One may use the above results (i.e the natural isomorphism in Theorem 
16.2)) in order to obtain an alternative definition of the moduli stack of r'- 

stable highly frozen triples of type (Pp, r) as the quotient stack 



6 



V) 



GL(y F ) 



Remark 6.3. By Definition 15.11 and construction of && ^' r,n ^(r') in Section 
16.11 GL r (C) acts compatibly on both sides of the isomorphism (|6.2p . The 
next corollary gives the algebraic structure of the moduli stack of frozen 
triples. 

Corollary 6.4. Use Proposition 15.51 Theorem \6.2\ and Remark \6.3l Let 



be the stack-theoretic quotient of & 



(PF,r,n),, 



(r') by GL r (C) x 



GL r (C)xGL(V F ) 

GL(Vp) where Vf is defined as in Section \6.l\ There exists an isomorphism 
of groupoids: 



(P F ,r,n) 
s,FT 



ir') 



& 



(P F ,r,n) 



(r') 



GL r (C) x GL(Vp) 
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Theorem 6.5. Consider q(m) — > oo t' -limit stability as in Lemma \4-4\ The 

moduli stack ^-^ft^C 7 "') f or such choice of stability parameter q(m) is a 
Deligne-Mumford (DM) stack. 

Proof. It is enough to show that for every C-point p E 9Jt^p^(r')(Spec(C)) 

its' stabilizer group Stab tp F , T ,n) t ,Ap) is finite. Since the point p is repre- 
ss, HFT ( r ) 

sented by a r'-stable highly frozen triple (E, F, (ft, ift), then Stab (p F , r ,„) (p) 

is obtained by the automorphism group of (E, F, (ft, ift). Hence it is enough to 
show that the automorphism group of any such (E, F, (ft, ift) is a finite group. 
The following lemma shows that the automorphism group of a r'-limit-stable 
highly frozen triple has one element which is the identity. 

Lemma 6.6. Given a r'-limit-stable highly frozen triple (E, F, (ft, tft) as in 
Definition\3.4\ and a commutative diagram 




the map p is given by idp. 

Proof. Since ift is a choice of isomorphism, for simplicity replace E by 
Ox(— n)® r and consider the diagram: 



id 

O x (-nr r 



(6.12) 



The diagram (I6.12|) induces: 



O x {-nf 
id 

Ox{-nf 



lm.((ft) c 

P \lxa{4>) 
\m.((ft) c 



E 



E 



By commutativity of (|6,12p pocft = (fto\d = (ft, then p(Im((ft)) = Im((ft). Hence 



p(Im((ft)) C lm((ft). It follows that p 



lm(0)— idim(0) 



. Indeed if s G Im((ft)(U) 
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where U C X is afflne open with s € Ox{— n)® r (JA) satisfying <j)(s) = s, 
then p(s) = p((j)(s)) = 4>(id(s)) = 4>(s) = s. Now apply Hom(— , F) to 
the short exact sequence — >• Im((/>) — > F — > Q — >■ where Q denotes the 
corresponding cokernel. One obtains: 

->■ Hom(Q, F) -> Hom(F, F) -> Hom(lm(0), F). 

Since (F, F, i^, -0) is q(m) — > oo r'-limit-stable then by Lemma 14.41 Q is a 
sheaf with O-dimensional support. Hence by purity of F, Hom(Q,F) = 0. 
Hence one obtains an injection Hom(F, F) Hom(lm(0), F). Now 

P \lm{4>)= idlm(0) = (idi?) |lm(0) • 

So p = idj7. This finishes the proof of Lemma l6.6l as well as Theorem l6\5l □ 

Remark 6.7. As was described in Remark 14.51 the notion of r'-stability 
condition turns out to be a limiting GIT stability and thus one can ap- 
ply the results of Wandel [WanlO] (Section 3) to prove that the DM stack 
SOt^^HP^^ (t') has the stronger property of being given as a quasi-projective 
scheme. We will use this fact later in discussing the construction of defor- 
mation obstruction theory over 971^^™^ (r'). 

7 Deformations of triples 

In this section, we describe the deformation theory of frozen and highly 
frozen triples. 

7.1 Preliminaries 

As we showed, the construction of the moduli stack of stable frozen triples 
depends on a choice of two fixed large enough integers n S> and n' 3> 
0. The first integer appears in the description of a stable highly frozen 
triple Ox{— n)® r — > F and the second integer is the one for which F(n') 
becomes globally generated and hence there exists a surjective map Vp ® 
Ox(-n') — » F. The existence of the integer n' is according to Wandel 
[WanlO| (Proposition 2.4) where he shows that given a bounded family of 
stable triples F — >• F there exists such integer such that for every tuple 
(F, F) appearing in the family F(n') and F(n') are globally generated over 
X. The fact that the sheaf F(n') is globally generated for large enough 
values of n' does not a priori imply that H*(F(n)) = for all i > and our 
fixed choice of n. Hence we introduce the following definition: 
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Definition 7.1. Consider 2Jt£££ ?'{/) and 9Jl™' nj (r') in definitions O 
and 15,21 respectively. Define the open substacks #^FT^( T ') c ^I^ft™^ 7 "') 
and flg^V) C ^f// ,n) (r') as follows: 

1- <^t"V) = {(^,^) e <£fTV) I K l (F(n)) = 0}. 

2. <//' n V) = e <;™V) I H x (F(n)) = 0}. 

From now on all our calculations are carried out over •G^px^C 7 "') an d 

■ftg^r (t 7 ) and the results in the following sections hold true for ^^jjpx (t') 

and ^^ft" (i"') only. Also we assume that it is implicitly understood that 
in the following sections by the "moduli stack of frozen or highly frozen 
triples" we mean the open substack of the corresponding moduli stacks as 
defined in Definition 17.11 

7.2 Deformations of O x {-n)® r 4- F 

Proposition 7.2. Given a t' -stable highly frozen triple (E,F,<f),vp) repre- 
sented by the complex I* : Ox{—n)® r — > F its space of infinitesimal defor- 
mations is given by Hom(/*,i ? ). 

Proof. . A square zero embedding S S' is a closed immersion whose 
defining ideal X satisfies Z 2 = 0. Given a square zero embedding and a 
family of highly frozen triples over S, a flat deformation of this family over 
S is a completion of the following commutative diagram with the missing 
arrows (and exact rows). 

> °xxs(-™) ffir ® X > °xxs(-™)® r > XxS (-nr r > 

>T® T ./" > T • 0. 

(7-1) 

Following a method described by Illusie in [11171 j (section IV) for deformation 
of graded modules and graded morphisms of graded modules, one needs to 
think of Oxx c s as a graded algebra in degree zero. Therefore one obtains 
from T the graded OxxS-algebra, T gr := OxxS^BJ 7 such that OxxS sits in 
degree zero and the second summand sits in degree one. We similarly define 
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F' gr . Hence one obtains a commutative diagram of graded OxxS-algebras. 
- (o XxS © Xx g(-n)® r ) O x ^ Xx! ,(-n)® r - Oxxs © XxS (-n)® r - 

> T®X J],,. > Oxxs © F • 

(7.2) 

here the bottom row in degree zero is given by ( [11171] . 3.1): 

0^0^ Oxxs -> Oxxs -> (7.3) 

and in degree one it is given by the bottom row in (|7.ip . We know that the 
obstruction to complete this diagram is given by composition of morphisms: 

L XxS ®T/0 Xx s®0 XxS (-n)® r ~* L G XxS ®0 XxS (-n)®r/O x ® ^[l] 

-> I ® (Oxxs(-n) © Oxxs(-nf r ) ® (Oxxs F[2] 

(7.4) 

where L is the cotangent complex. Let k (— ) of a graded module denote 
the degree one component of that module. Now we state Illusie's result: 

Theorem 7.3. flUTl^ (section IV 3.2.12). Given I* := X xs{-n)® r ^ T, 
there exists an element 

ob G Ext^, b , Xx m(Cone(<^),X ® T) 

whose vanishing is necessary and sufficient to complete Diagram (17. 2\\ . If 
ob = then the set of isomorphism classes of completions forms a torsor 
under Ext^,/^-^ (Cone (</>), Z (g> F). 

Here, Cone(</>) = ^*[1]- Moreover, the obstructions ob : Cone(^) — > X®J- 
are given by the composite morphism [11171 j (3.2.14.3): 

Cone(^) -> k 1 {L 0xxS ®o xx3 (-n)^/o x ® ^[1]) 

-> A: 1 (X ® (Oxxs(-n) © 0Xxs(-«) er ) ® (Oxxs © -F)) X ® ^[2]. 

(7.5) 

Another way of stating this theorem is to say that the obstructions are given 
by: 

Cone(0) -+ L 0xxs/0x ® ^[1] -^1® JT[ 2 ], (7.6) 
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the set of such composite homomorphisms is given by Hom(/*[l],I(8)J r [2]) = 
Ext^/^X tg> F) = Ext 1 ^, J 7 ) ® T, similarly if ob = 0, then the set of 
isomorphism classes of deformations of highly frozen triples makes a torsor 
under Ext 1 (I£ [1] , Z ® J) = Hom(/',X <8> F) 2* Horn (J^, J*) ®I and this 
finishes the proof of Proposition 17.21 □ 

Now we use the result of Proposition 17.21 and Proposition 15.51 to study 
the space of infinitesimal deformations of a frozen triple. 

Proposition 7.4. The tangent space of the moduli stack of f -limit- stable 
frozen triples at a point {p} : (E, F, (f>) represented by a complex I* := [E — > 
F] (where E = 0^ r (—n)) is given by: 

T {p}4S F T ,n V) = Hom(/',F)/Im( / r (C) Hom(/',F)). (7.7) 
Equivalently 

T {p} 9Jt^/' n) (r') = Coker [Hom(/', 0x(-n)® r ) ->■ Hom(J*,F)] . (7.8) 

Proof. Since our analysis is over a point in the moduli stack, we assume that 
S = Spec(C) and S' is a square-zero extension over S. Therefore via S ^ S' 
one writes Os> = 0$ ® 0$> Z as an O^-module. Now use the result of 
Proposition [7~2j The tangent space of ^^ft^C 7 "') a ^ a stable frozen triple of 
type {Pfi t) is given by the space of infinitesimal deformations of that triple. 

Use the notation in Definition 13.41 Suppose that Ox{— n) <8> ~n* s Ms' -F 
is a flat deformation of the family of frozen triples Ox{— n) ® tt* s Ms ~^ J~ 
over S. Similar to 17.11 to obtain the set of such flat deformations one needs 
to consider the commutative diagram below: 

0^ {O x {-n)®%* s Ms')®1^0x{-n)®TT* s M S ' -» O x (-n) ® tt* s M s -> 

> F®1 > F > F >0 

(7-9) 

The tangent space T| p } ti^p^ {t'), i.e the set of extensions in (I7.9|) is given 
by: 

Ext 1 (o x (-n)®ir* s M s > A F, {O x (-n) ® ttJM S /) ® X A .F ®J 

(7.10) 
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we use the isomorphisms [0 X xs(~ n )® r J ®^ — (@Xxs(— n)® r ) ®Z and the 

notation introduced earlier. Now fix a trivialization ijjj^ : M s ^> 0g r . This 

induces a fixed choice of isomorphism ip : Ox(— n) ® 7rJ7Ws ^xxs(~~ n )- 
Now use the fact that S is a point hence S' is split over S. Therefore one 
obtains the following splitting of OxxS-modules: 

Now replace Ox(— n) <S> tt* s M.s with the fixed choice of O x r xS (— n) in the top 
row of (|7.9p . Moreover use the splitting property in (|7.1ip . The commutative 
diagram in 17.91 induces: 

► > 0ixs(-«) ffir -=* XxS {-n)® r — > 

— ► J"® J > J" > J" >0 

(7.12) 

where the Oxxs(~ n)® r appearing in the upper row are given as a choice 
of trivialization of E appearing in the frozen triple (E,F,<fi). The set of 
extensions in (|7.12|l is given by: 

Ext 1 (Of r xS (-n) A 7", ^Ext°(Is,F®l)=ilom(Is,J r )®X 

(7-13) 

where by Proposition 17.21 Hom(7* . J-) is the space of infinitesimal deforma- 
tions of the highly frozen triple represented by the complex /* := Oxxs(~ n)® r —> 
T . Hence it is seen that when S = Spec(C) one obtains the deforma- 
tion space of a C-point in ( T ') from the deformation space of a 
C-point in fi^fr' ( r by making a choice of isomorphism ip : O x (—n) ® 
n* s A4s — > O x r xS (—n). It is also seen that there exists a map Hom(/*, J 7 ) — > 

T{p}fisFT ,n \ T ') an d the kernel of this map corresponds to the choices of 
trivialization of Ox{— n) <8> which were not fixed in obtaining the 

diagram in (j7.12j) . i.e g/ r (C). In other words over a C-point in the moduli 
stack one obtains a short exact sequence of C- vector spaces 

gl r {C) -)• Hom{I 9 s ,T) -> T {p} j^/'^V) -> 0. (7.14) 

Note that when S = Spec(C) then I' = I' canonically. Also it is true 
that for large n one has Hom(/', O x {-n)® r ) ^ End(O x (-n)® r ) ^ gl r (C). 
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Now replace g/ r (C) with Hom(/*, Ox{— n)® r ) and conclude that the space 
of infinitesimal deformations of a frozen triple in Sj^^' 71 ^ (r') , i.e the tangent 
space of the moduli stack at a C-point, is obtained as 

T W^T r ' n V) = Coker [Hom(/',e>x(-n) ffir ) Hom(/',F)] (7.15) 

□ 

Remark 7.5. Another way of observing the result obtained in l7.4l is to com- 
pare the tangent spaces of the moduli stacks of r'-stable highly frozen triples 
and frozen triples. Since #^px l 7 "') ^ s a GL r (C) torsor over fi^ff'^iT 1 ), 
therefore at every point {p} one obtains the following exact sequence of the 
corresponding tangent spaces: 

/ r (C) -> T {p} ^ F r T n \r') -> T {p} ^ n \r') -> 0, (7.16) 

hence it is immediately seen that Sj^f£' n ' (t j ) = Coker [gl r (C) — > ^{p}^s^FT ( T ')]- 

However, ^{pj^s^HFT™^ ( T — Hom(/*, J 7 ) by Proposition 17.21 and this proves 
the result obtained in 17.41 

Now we analyze the infinitesimal deformations of frozen triples in more 
generality, i.e we do not assume that S is a point or S' is an S'-scheme. We 
assume that S is an affine scheme of finite type over C and S S' is a 
square-zero embedding of C-schemes. 

Theorem 7.6. Use notation in Definition \3.4\ Fix a map f : S —> ^^ft^'™^ 7 "')- 
Fixing f corresponds to fixing an S-flat family of frozen triples given by 
[Ox(—n) A4s — > J 7 ] as in Definition 13.31 Let S' be a square-zero ex- 
tension of S with ideal I. Let T>efs(S',Sj^ r f' n \T 1 )) denote the defor- 
mation space of the map f obtained by the set of possible deformations, 
f : S' — > fis P FT ' n \ T ')- The following statement is true: 

Vef s (S',^ s P ^ n \r')) * Hom(l£,F)®Z/Im ^(gl r (O s ) Hom(/J, 

(7.17) 

Proof. Let g : S — > SjJ^fj- < (t') denote the map of C-stacks. Given the 
square-zero extension S' one may ask if the map g is extendable to a map 
g' : S' — > fi^Tftfi >(t')- If 9 is extendable, then by Proposition 17.21 we 
know that the set of such extensions is given by Hom(/*, J 7 ) <g> X. Let it : 

■^s^HFT ' ( r ~~ ^ ^svf' ( r denote the forgetful map in Proposition 15.51 
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Via composition, one obtains a map tt o g : S^^™^). One may ask 

further if the map nog can be extended to a map 7r o g' : S' — > ^fp^'^ (t'). 
We consider the following commutative diagram: 




ft (P F ,r,n) ^/ 
JJ s,FT 



(7.18) 



by Theorem 18.41 we have shown that the following exact sequence exists over 
X x S. 

Ql r {O s )®l^ Hom(I 5 ,.F) <g> J-)- Ext 1 (Is, Is) ®I^0. 

Let Vef s{S' , S^^^\t')) denote the deformation space of the map 7r o g 
obtained by set of possible extensions it o g' . By Proposition 17.21 we have 
shown that Vef s {S' , rfj^fp* (r')) = Horn (I', J 7 ) ®X. Moreover, by Defini- 
tion l3.4l and via evaluating the moduli functor associated to the moduli stack 
of frozen triples on S', one obtains a family of frozen triples represented by 
the complex Of{— n) M Ms J~ ° ver X x S. By assumption both S and 
S' are chosen to be affine schemes therefore it is not hard to see that the 
flat deformation of the locally free sheaf Ms over <S" is trivial: 

Lemma 7.7. Let Ms be a vector bundle of rank r over S such that Ms — 
Of . Given a square-zero extension S S' of affine C-schemes, the flat 
deformations of Ms over S' is trivial, i.e the flat extension of Ms over S' 
is given by M' s a vector bundle of rank r over S' such that M' s = Of 

Proof. Replace Ms with Of. There exists an exact sequence 
Of ® 1 -> M's -> Of -> 0. 
Since S' is affine, we get an exact sequence: 

-> H°(Of ®Z) -> n°(M' s ) ->• H (O® r ) -> 0. 

Let E,F,--- , e r be the canonical generators of 0® r . Choose lifts F', ■ ■ ■ , e' r G 

H°(M S ). These sections define a homomorphism : Of — ■ — ■ — ^> M' s . 
Moreover the homomorphism <fi becomes an isomorphism upon restriction 
to S. Since S C S' is a nilpotent thickening, by Nakyama's lemma, this 
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implies that (p is an isomorphism. □ 
No we can see that there exists a surjective map 

Vef s (S',^ T n) (r')) -> Vef s (S\^ n) (r')) -+ 0. 

Moreover by construction, there exists a natural map T>efs(S',Sj^ P ^ (T')) - 
Ext^/g,/*) <g)X, therefore one obtains the following commutative diagram: 

Ql r {O s ) <8> I — ^— > Hom(/J, * Ext 1 ^, ij) ® X > 

End(A^s) ®X i Pe/s^S^'V)) - T>ef s (S',Si^f' n) (/)) - 

(7.19) 

by commutativity of the above diagram and surjectivity of the maps k and 
fc', one concludes the following isomorphisms: 



Ext 1 ^ Ig) <8> X Hom(/J, X) ® X/ Im(e 



(7.20) 

therefore 

Vef s {S'^ { ^ r ' n \r')) = Hom(/£,X>X/Im ((gZ r (0 s ) -> Hom(J^^))®xY 
This finishes the proof of Theorem 17.61 □ 

8 Deformations of frozen triples versus deforma- 
tions of objects in the derived category 

In this section we give a comparison between deformation space of frozen 
triples as in Proposition ^. 4l and deformation space of an object in the derived 
category of X with fixed determinant. We need the following two lemmas 
in proving the main result of this section: 



Lemma 8.1. Let [Ox(— n)® r A- X] correspond to a point of ^I/hpt™^ 7 "') 
Then: 

Ext 2 (X,O x (-n)) ^0^Ext 1 (X,O x (-n)). (8.1) 



orj#&. r ' n V)- Then: 
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Proof. Use Serre duality and obtain: 
Ext i (F,O x (-n)) = (Ext 3 - i (O x (-n),F®w x ) v ^Ext 3 - i (O x (-n),F) v 
^# 3 -*(F(n)) v . (8.2) 

The statement follows from the definitions of Sj c^ft"^ ( t an d ^s^F-p"'™'^' 7 "')- 

□ 

Let T> b (X) be the bounded derived category of coherent sheaves on X. 
Let /* be an object of the derived category given by the complex I' := 

Ox{— n)® r A F with Ox(—n)® r in degree and F in degree 1. Let K := 
Ker(0) and Q := Coker(0). There exist the following exact triangles in the 
derived category: 

F[-l] ^ T ^O x (-n) er ^ F ^ ■■■ (8.3) 

K -+ I* -> Q[-l] -> K[l] ->• • • • (8.4) 

Lemma 8.2. Suppose that a frozen triple (E,F,(f>) of type (Pp,r) is t'- 
stable. Then Ext^ -1 ^', I*) = 0. 

Proof. Note that Ext fe (/*,/*) = for k < —2 for degree reasons. We now 
consider k = —1. Apply Hom(/', •) to (|8.3p and obtain: 

► ExtT 2 (J",F) ^Ext-^IV) ^Ext-^I^Ofi-n)) Ext"^/', F) -> • • • 

(8.5) 

Now apply Hom(-,F) to (18. 4p and obtain: 

► Ext < (Q[-l],.F) ->-Ext < (J*,.F) — ► Ext* (IT, F) -> Ext m (Q[-l], F) • • • 

(8.6) 

Combining the exact sequence (|8.5p and exact sequences obtained from (|8.6p 
for i = —2 and i = -1 we obtain the following commutative diagram: 



I I 

Ext- 2 (Q[-1],F) Ext-^Qhl],^) 

I I 
Ext- 2 (f,F) — > Ext -1 (i"V*) -* Ext -1 (/ , ,Of r (-n)) — > Ext^^F) 

I 1 

Ext~ 2 (A',F) Ext -1 (if, F) 

I I 

Ext-^Qt-ll.F) Hom(Q[-l],F) 



(8.7) 
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ItiseasytoseethatExt _2 (Q[-l],F) = 0, Ext~ 2 (K,F) = and Ext -1 (K, F) = 
for degree reasons. Moreover, 'Ext~ 1 (Q[— 1], F) = Hom(Q,i ? ) = since Q 
is zero dimensional (by r'-stability) and F is of pure dimension one. Hence 
the above commutative diagram takes the following form: 



I I 



1 I 
Ext- 2 (/',F) -> Ext'^/V) -> Ext -1 (/ , ,0f r (-n)) -> Ext _1 (J*,F) 

I I 



1 I 





hence 

Ext- 2 (/',F) S and Ext _1 (/', F) = 0, (8.9) 

and therefore Ext" 1 (IV) = Ext -1 ^*, Of r (-n)). Now apply Hom(-, Of r (-n)) 
to (18.31) and obtain: 



Ext-^OfX-n)) -»• Ext- 1 (0® r (-n),0® r (-n)) -»■ Ext-^/', 0® r (-n)) 
-> Hom(F,0® r (-n)). 

(8.10) 

Now Ext -1 (Of (-n), Of r (-n)) S by degree reasons and Hom(F, Of{-n)) 
by purity of Of (-n). Hence Ext -1 ^', 0®- r (-n)) ^ and Ext^/V) 9* 
Ext-^/'.OfC-n)) <*0. □ 

Lemma 8.3. Let I' be an object in the derived category representing a 
t' -limit- stable frozen triple (E,F,4>) of type (Pp,r). Then there exists an 
injective map: Hom(/*,/*) > End(0x( — n)® r ). 

Proof Apply Hom(J*,-) to F[-l] -)•/•-»■ O x {-n)® r and obtain the fol- 
lowing exact sequence: 

Ext -1 (J*,F) -> Hom(J*,I*) -> Hom(/',O x (-n)® r ) Hom(/*,F) 

^ExtVV) ^Ext 1 (/',O x (-n)® r ) -►Ext^J'.F) ^Ext 2 (/',/*)- 

(8.11) 
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Observe that the leftmost term in (|8,lip vanishes because of degree reasons: 
-> Hom(i"V) -> Hom(/ , ,Ox(-n)® r ) -> Hom(/ # ,F) 
-^Ext^i*,/") -^Ext 1 (/*,O x (-n) er ) ->Ext 1 (/",i r ) -> ••• (8.12) 
Now apply Hom(-, Ox(-«)® r ) to (JOJ) and obtain: 
Hom(F,O x (-n) er ) End(O x (-n)® r ) 
->• Hom(/', O x (-n) er ) -> Ext 1 (F, x (-n)® r ) (8.13) 

Using Lemma [8. H it is immediately seen that the leftmost and the rightmost 
terms in (|8. 13|) vanish. Hence: 

End(O x (-n)® r ) ^Hom(/ , ,O x (-n)® r ). (8.14) 

Hence it is seen from (|8.12p that Hom(/ , ) I') — > End(Ox(— n)® r ) is injective. 

□ 

Theorem 8.4. Let p £ ^.^ft" ( r ') ^ e a P ^ represented by a t' -limit- 
stable frozen triple (E,F,(f>) of type (Pp,r). Let I' := Ox(— n)® r A F be a 
complex with fixed determinant. The following is true: 

^^/'^(rO-Ext^/M^o 

Proof. Consider the exact sequence in (|8.12]1 . Now use the result of Lemma 
18.31 to obtain the following exact sequence: 

-> Hom(i"V) -> g/ r (C) -> Hom(J',F) 

Ext 1 (/',/•) ^Ext 1 (/ , ,O x (-n)® r ) Ext 1 (I m ,F) -> • • • (8.15) 

where we have replaced End(Ox( — n )® r ) with g/ r (C). Now recall that 
H (Ox) — by assumption. In that case, assuming that the complex I* 
has fixed determinant, then we have Ext l (7", 7*)o — Ext*(/*, /*). Hence the 
exact sequence in (|8.15p is rewritten as: 

-> Hom(J*, J*) ->• g/ r .(C) -> Hom(J',F) Ext^J*, J*) -> -> Ext^F). 

(8.16) 

Hence we obtain Hom(/ , ,F)/Im[g/ r (C) -> Hom(i*,F)] ^ Ext 1 (J', J*) . 
Now use Proposition 17.41 and obtain 

TM^/'V^ExtVV^o. 

□ 
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The result obtained in Theorem 18.41 implies that the S'-points of the 
moduli stack of frozen triples (i.e S-flat families of frozen triples) deform as 
objects in the derived category, in other words: 

Corollary 8.5. Let I* be defined as in Theorem \8.4\ The higher order 
deformation I', over S of I' with trivial determinant is quasi-isomorphic to 
a complex: 

Proof. This is a direct consequence of Theorem 18.41 □ 

9 Deformation-obstruction theories 

Notation 1: By a perfect complex E* in T>(X) of perfect amplitude [a, b] 
we mean a complex satisfying the condition that for every point p 6 X 
there exists an open neighborhood U p over which there exists a complex of 
vector bundles M* whose terms R l vanish for i < a and i > b and E" \y p is 
quasi-isomorphic to R*. Moreover, by a perfect complex of strongly perfect 
amplitude [a, b] we mean a complex E* in T>(X) satisfying the condition that 
there exists globally a complex of vector bundles K* such that K 1 = for 
i < a or i > b and such that E* = R* in V(X). 

By Theorem 16.21 the moduli stack of stable frozen triples ^f^T^ ( T> ) * s 
an Artin stack. Hence, we give the definition of a perfect deformation- 
obstruction theory for an Artin stack: 

Definition 9.1. Following [LMBOO] and [Ols], by definition, a perfect deformation- 
obstruction theory for S^yt' ( r ^ s gi ven by a perfect 3-term complex 
E ,v of strongly perfect amplitude [—1,1] and a map in the derived category 

E ,v —> L* (p Fir>n ) such that h l {4>) and h°((j)) are isomorphisms and h~ l (4>) 
is an epimorphism. 

Remark 9.2. The reason for having superscript V in E* v appearing in 
statement of Definition 19.11 will be justified through our construction later. 
Here LV P is the truncated cotangent complex of the Artin moduli 

stack of r'-stable frozen triples concentrated in degrees —1, and 1 whose 

pullback via the projection map tt : ^^ft^O 7 "') — ^ ^s¥T ,n \ T ') nas fb e 
form: 

^* L '(P F ,r,n), : l/l 2 ->• ^ LcFiT.nn), (g^r(C)) V (8) O (P F ,r,n) . 

fl^FT \ T ) -"Js.HFT \ T I "e,HFT \ r > 
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Note that (g/ r (C)) v <g> O ip F , r , n ), = £l n . Moreover, 21 denotes the smooth 

^s,HFT ( T ) 

Artin stack that one needs to embed ^^hft"^ 7 "') i n t°> m order to obtain 
the truncated cotangent complex, LV P . Finally I is the ideal corre- 

al V) 

sponding to this embedding. From now on by a perfect complex of perfect 
amplitude [a, b] we mean a perfect complex of strongly perfect amplitude 
[a,b). 

9.1 Discussion on perfect obstruction theory over Sjf^j r ' n \r') 

Given X a smooth projective Calabi-Yau threefold over C and S a parametriz- 
ing scheme of finite type over C, by Theorem l8.4l we showed that the tangent 
space at every point of the moduli stack of f-limit-stable frozen triples is iso- 
morphic to the space of deformations of the complex with fixed determinant 
which represents the stable frozen triple. In this section we use this result to 
construct a deformation obstruction complex for fi^f^' (t'). Throughout 
this section in order to save space when ever required, we use the following 
notation: 

1. *:=*3F"V). 

2. A := OxxSj © M<8> OxxS)(— n) where M is the universal vector bundle 
of rank r on X x fj whose fiber over every point of the moduli space 
is isomorphic to O x r . 

3. ttsj : X x Sj — )■ fj and irx ■ X x S) — )■ X. 

Consider the universal exact triangle determined by the universal complex 
representing a universal stable frozen triple over X x Sj: 

K* — >- M ® Oxxsj(-n) F (9.1) 

Apply RJtfom (•,!*) £>D 7r^u;x[2] to (|9.ip and obtain the composition of mor- 
phisms: 

RJfom(I',r) <g> w ffJJ [2] -> R^om(¥, I*) <g> u WJi [3] 

-)■ i?JTom(M (8) Oxxfi (-«),!*) <8>w^[3] 

(9.2) 
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There exists a map from the trace-free RJfom to RJttfom so we get the 
following composition of morphisms in T> h (X x fj): 

RJ^omil" X) <S> [2] -> RJifom(I',I*) <g> [2] 

i?JTom(F, P) ® u Vji [3] -> RJifom(M ® Xxj5 (-n),P) ® w ffJj [3] 

(9.3) 3 

Theorem 9.3. There exists a map in V b (S)) given by i?7r# # (-RJ^om(F, P)® 
^[3]) 

Proof. One needs to apply the result of Illusie [11171 1 (Section 4.2) in The- 
orem E3] to the universal complex P : M ® 0xxij(— n ) — ► F. Since we will 
not eventually use Rirfi*(RJ4fom(F, P) ® [3] ) as a suitable candidate for 

the deformation obstruction theory of Sj := Sj^£r' n \' rJ ) an< ^ smce the proof 
follows directly from the proof of Joyce and Song in [JS09] (Theorem 14.7) 

applied to P : M ®Oxx^{— n) A F we omit providing a detailed proof here 
and leave this to the reader. □ 

Remark 9.4. Note that the complex RJ$?om(F, P) [3] is neither per- 

fect of amplitude [—1,1] nor it defines a deformation theory for moduli stack 
of frozen triples. However by (|9.3h one obtains: 

RJ^ om(P,P) ® wwjj [2] -)■ i?Jfom(F, F) ® [2] 

-> iivr^ * (RJ^om(¥, P) ® w ffJ5 [3]) -»• L£ 

(9.4) 

Now consider the composite morphism in the derived category: 

/2J^om(F,r)o®w WJ8 [2] -s>L£. (9.5) 

Note that for every point {p} G fi^f^' ( r represented by a complex I* 
the fiber of RJifom(I* , P)o ® ^^[2] over J* is a complex which has 4 non- 
vanishing cohomologies (by taking cohomologies in degrees — 2, • • • ,1) equal 
to Ext 2+i {I 9 ,r) . 

9.2 Non-perfect deformation-obstruction theory of amplitude 

[-2,1] over <//' n) (r') 
Theorem 9.5. (a,). There exists a map in the derived category given by: 

Rir^ (Mom(f,F) ® vr^a; x ) [2] A 
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(b). After suitable truncations, there exists a 4 term complex E* of locally 
free sheaves , such that E ,v is self- symmetric of amplitude [—2, 1] and there 
exists a map in the derived category: 



E' 



•V ob* 




(9.6) 



such that h 



(ob l ) is surjective, and h°(ob t ) and /i 1 (o6 t ) are isomorphisms. 



Proof. Here we prove (a). Consider the universal complex: 



F = [M <g> Oxxfi(-n) — > F] € V b {X x ft). 



Since the composition of the maps id : OxxSj RJ4?om(I' ,1') and tr : 
RJ^fom(J* ,P) — > Oxxf) is multiplication by rk(I'), one obtains a splitting 
RJfom(r,r) ^ fljrom(P,P)o Oxxfi- Recall that by discussions in 

Section EH ^ = [ — G — ] where G = GL r (C) x GL(V F ). For simplicity 

denote & := 6i PF ' r ' n) (r')- Let Ig denote the pullback of P to X x 6. 
We write L* to mean the full, untruncated cotangent complex, and write 
L* = t- L* for the truncated cotangent complex. Consider the Atiyah 
class 1% -> L Xx6 <g>I e [l] defined by Illusie jHEl] (Section IV2.3.6). The 
Atiyah class can be identified with a class in Ext 1 (Eg ; L' Xx& ® Ig). The 
composite 



is the truncated Atiyah class of [HT10| . Section 2.2. By [HL97] (Proposition 
2.1.10) the complex P is perfect. It then follows from Corollaire IV. 2. 3. 7. 4 
of [11171] that the composite Kg -4 L^ x6 ® I 6 [l] ->• O^g ® I e [l], when 
identified with a 1-extension, agrees with the canonical 1-extension 



defined by tensoring with the first-order principal parts V Xx& . We want 
to show that the Atiyah class descends to X x fj = X x [||] where G = 
GL r (C) x GL(Vp) (where this identification comes from discussions in Sec- 
tion EJ. More precisely, this means the following. Let q^ : X x G ^ X x 9) 
denote the projection. Then we want a morphism P — > L X xss (£> P[l] on $), 
such that the natural composite qil* — > q^L XxS ^ <8> g^Pfl] — > L^ x6 <g> I e [l] 
agrees with the Atiyah class of Illusie. The complex Ig is G-equivariant by 
construction (it comes via pullback from X x $)), and the construction of 
the Atiyah class shows that it too is naturally G-equivariant. The pulled 



, Xxe ® I e [l] -4 t L Xx q ® Ig[l] = L^ x6 ® I s [l] 



o -4 n 



i X 6®I 6 ^Pj, x g®I 6 ^l6^0 



(9.7) 
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back cotangent complex q^L Xxfj has the following description. There is 
a natural composite map L' Xx& — > & Xx6 — > g v ® 0xx6j where the sec- 
ond map is dual to the infinitesimal g-action (and g = Lie(G)). Then 
g^Ij xj j ~ Cone[L^- x6 — > g v ® Oxxe][ — !]■ Thus, to prove that the Atiyah 
class descends to X x fj in the sense explained above, it suffices to show 
that the composite I 6 ->• L^ x6 ® V & [1] fi^ x6 ®I^ x6 [l] g v ® I 6 [l] 
represents an equivariantly split extension. By the above discussion, this 
extension is obtained by pushing out the principal parts extension (|9.7p 
along the natural map fiy xe ® I@ — )• g v ® I e . Just as a splitting of the 
principal parts extension corresponds to a choice of connection, however, a 
splitting of its pushout corresponds to a choice of an L-connection |DC10j 
(Section 4) where L = g ® Oxxe is the action Lie algebroid associated to 
the infinitesimal G-action. Since F is G-equi variant, it comes equipped with 
a g ® OxxS-connection, hence a G-equivariant splitting of the required 1- 
extension. It follows that the Atiyah class descends to X x f). We now have 
the truncated Atiyah class of the universal complex, given by a class in 

Ext XxS j(r,r ® h XxS j) E X t Xx ^RJfom(I'X),lL XxSi ) 

^ Ext Xx f 3 (RJ?om(r,r) ®0 XxS!l ,IS XxSi ), (9.8) 

where ^ Xx a denotes the truncated cotangent complex of X x f). Note that 
over X x $), h Xx ~ = £ir x 1L x £7r£Lt. Since the projection maps are flat 
then the derived pullbacks are the same as the usual pullbacks. One obtains 
the following map between the Ext groups: 

Ext Xx ^(Rjeom(I'X) O x *M xS) ) -> Ext XxSi {Rjeom{l\r) ,^h%). 

(9.9) 

On the other hand: 

Ext XxS) (RJtrom(XX)o, 4 L fl) 

- Ext^f )+dim( ^ ) - 1 (^LJ, RjeomFXh ® ^x fl ) V 

- ErtJMSJ-IdimWWJmCs)-!] (i?jr O m(lM-) ® o; XxJ5 ),L^ ®^) 

Ext"* 111 ^ 1 fifor^, (Jejrom(T i r)o ® u> Xx %) ® Att^t^ 1 ,!^ , 

(9.10) 

where the first isomorphism is obtained by Serre duality, the second isomor- 
phism is induced by the adjointness property of the left derived pullback 
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and the right derived pushforward and the third isomorphism is obtained 
by Serre duality. By projection formula and the definition of the relative 
dualizing sheaf 



7T X U)X 



the last term in ()9.10f) is rewritten as: 

Ext ^dimpo+i {Rjeom{TX) ® n x u x ),h%) 



Since X is a three-fold, (|9.11|) is rewritten as: 

Rirsj* (RJ^omir ,F)o ® k* x oj x ) [2] 



(9.11) 



(9.12) 



Therefore, it is seen that the truncated Atiyah class of the universal complex 
over the moduli stack of r'-stable frozen triples, induces a well defined map 
in the derived category as in (|9.5p . □ 

Next, to prove (b), we show that (|9.12p defines a relative deformation- 
obstruction theory for ^ l^T*'™^ 7 "'^ 

Proposition 9.6. The morphism given by (|9.12p defines a (non-perfect) 
relative deformation- obstruction theory for •f)^j^ ? *' n ^ (t') . 



Proof. We follow the same strategy as in [HTTP] , [RR09| . Given a mor- 
phism of C-stacks S A- ( T ') an< ^ a square zero embedding S >■ S, 
by the theory of cotangent complexes there exists a morphism in T> b (S): 
L* — > L*/ 5 / = [Is<zs' Is]- There exists a morphism: [IscS' ~> 
Is] ~~ > 2scS'[l]> hence we obtain a morphism in V b (S) given by e : 



-SCSL 



1] where 2o r 6 is the ideal of S C S and 



e € Ext 1 (5*L , ( p F rn) ,T S g). Now e is equal to zero if and only if there 

S S ,FT ( r ') 

exists a lift 5 : S — >• Sj^f^f (t 1 ) and moreover if such </ exists then the set 
of isomorphism extensions forms a torsor under Hom^L* ro _ „„■, ,X 



Consider the following commutative diagram: 



J s,FT 



X x 5 



fi (PF,r,n) 
' ,J s,FT 




(9.13) 
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Pullback the morphism in ()9. 12|) by g and obtain: 

g*R*S* (RJ^om(T, l')o ® n x co x ) [2] ->• g*V W r , n) , n (9.14) 

This induces a natural composite morphism in T> b (S): 

o : 5 *#7T fl * (i^om(r,r) ® vr^wx) [2] -> 5*L" { p p , r , n) L£ J Sc ^[l], 

(9.15) 

where o G Ext (g*Rnsj* (RJf?om(I' ,I')q ® 7r x a;x) ,Z Sc §). One shows 
that there exists an extension of g to g if and only if o vanishes and moreover 
the set of such extensions forms a torsor under 

Ext- 2 ( 5 *i?7r 6 * (Rjeom(r X) ® tt* x ujx) ,l S cs)- 
By (|9. 13|) and the flatness of -Kg one obtains the following isomorphism: 

g* Rk% * (RJ?om{l\ F) <8> vr x w x ) [2] = #7r 5 * {RJ^om{g*f, g*T) ® vr x w x ) [2]. 

(9.16) 

Hence one obtains: 

(i?J^om(ri*,ri')o ® vr^wx) [2] ->• 5*L% r , n -)• LJ^ Ze r a[l] 

(9.17) 

therefore: 

o G Ext-^Trs* {RJt?om{g*r,g*r)o ® tt x w x ) ,^ 5c ^) 
- Ext XxS (5*I',5*F ® 7rSXy c ^)o (9.18) 

by a similar argument to (|9.1U|) . By results of Thomas in [ThoOO] the trace 
of the obstruction class is the obstruction to deform det(g*V). So this is 
enough to conclude that o = if and only if there exist deformations of ~g* I* 
from X x S to X x S. Moreover the set of such deformations forms a torsor 
under Ext XxS (g*I' ,9*^ ® ^is-^scs) - By definition of relative moduli stack, 
the deformations of g*I' are in one to one correspondence with deformations 
of g to g. □ 

Remark 9.7. Recall that the truncated cotangent complex of Sj^^^' n \T') 
is concentrated in degrees —1,0 and 1 whose pullback via the projection map 
j( p ™) ( r ') _> j^/' n) (rO has the form: 



7r * L l(^.r,n) ( , : -> ^ \,AP F ,r,n) ( (fl/ r (C)) V ® (P F ,r,„) . 
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By Theorem 19. 51 and Proposition 19.61 one obtains a morphism in the derived 
category E ,v — > L* (Pf r n) ^ ^. It is seen that by construction, for a point 

b G ^^ft (t'), h~ 1 (o6* \b) is an epimorphism. Moreover, by Propositions 
17.41 and 17.61 the cohomology map in degree zero 

/i°(o6* | b ) : Ext^/V^o -> Coker(g/ r (C) ->■ Hom(/',F)) 

is an isomorphism. Finally, hr{ob t |&) is an isomorphism mapping the auto- 
morphisms of the object in the derived category to the automorphisms of 
the associated frozen triple. 

To complete the proof of part (b) of Theorem 19.51 we show that the 
deformation-obstruction theory in Proposition l9.6l is globally quai-isomorphic 
to a 4 term complex of vector bundles: 

Lemma 9.8. Given S a smooth scheme of finite type over C and X — > S a 
smooth projective morphism of relative dimension n, If F is a flat family of 
coherent sheaves on the fibers of f : X — > C then there exists a locally free 
resolution — > F n — > F n -\ —^■■■■^■Fq^F Such that R n f*F m is locally 
free for m = 0, • • • , n, R l f*F m = for i ^ n and m = 0, • • • , n. 

Proof Look at |HL97j (Proposition 2.1.10). □ 

Proposition 9.9. The complex Rit^* {RJf om(I*,V) <8> tt* x ujx) [2] in (j9T2j) 

is quasi-isomorphic to a 4 term complex of locally free sheaves. 

Proof. Consider the universal complex F over X x Sj^^' n \T'). By Lemma 
19.81 there exists a finite locally free resolution A' of I*. There exists an 
isomorphism (A') y (g>A' ^ O ( Pf ,, r ,») ((A') v ® A') . Now define the 

quasi-isomorphism class of trace-free Horns by RJf?om(l m ,I*)o — ((^4*) V "X 1 
j4*)o- Each term in the complex ((^4*) v <g> A')q is a coherent locally free 
sheaf over Xx^i r ' n \r') flat over S)^ s ^ ^(t'). Since the projection map 

71"^ : X x -ft^r"'"^ (t') — > #^FT* v"') has relative dimension 3, by Lemma 
19.81 there exists a locally free resolution of length 4 associated to each term 
in ((^T) v <8> A*)q. From this point the proof follows Lemma 2.10 [RR09| 
. Let the complex B* be a sufficiently negative locally free resolution of 
{{A'Y ® A')q trimmed to start at least 4 places earlier than ((A*) v ® ^4*)o, 
then i?- 2 7r^(p„, r ,„), ,. i? m = for all m and i? 3 7r^ ( p„, r ,„), ,. S m is locally 

K.FT ( T > K.FT ( r )* 

free. Let E ,v be defined as the complex with 

W = R \^hr>)* Bj+3 - ^ 
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The complex E* is a complex of locally free sheaves, and quasi-isomorphic to 
Rirsj *RJ$? om(I*,I*)o- Restricting this complex to a point {b} € Sj^ff (t 1 ) 
(i.e base change) one obtains a complex whose cohomologies compute Ext l (/*, I 9 )q. 
By the property of I' shown earlier, the negative Ext groups vanish. Hence, 
one obtains a complex whose nonvanishing cohomologies are given by 

Ext°(JV)o,-- - ,Ext 4 (/V) ,--- 

However since X is Calabi-Yau, by Serre duality Ext* (J*, J*) = Ext 3_i (I*i /•). 
Hence for i > 3, Ext*(/*,/*)o — and the only non-vanishing cohomologies 
are Ext°(I*, I*) ■ ■ ■ Ext 3 (/', I*) . Note that, by Serre duality, Hom(/ , ,7 , ) = 
Ext 3 (r, r)^. Now apply Lemma 2.10 in }RR09| to E* v in (I9l9l) . The com- 
plex E ,v is quasi-isomorphic to a 4 term complex of locally free sheaves. □ 

We proved in Proposition 19.61 that the map in (I9.12j) defines a relative 
perfect deformation-obstruction theory over f). Moreover, in Proposition 
19.91 we proved that this relative theory has global resolution by a 4-term 
complex of locally free sheaves over fj. This finishes the proof of part of 
part (b) of Theorem 19.51 . □ 
As was explained in introduction, we aim at producing an enumerative the- 
ory for highly frozen triples since firstly, their moduli space is a DM stack 
and secondly there exists a perfect classification of torus-fixed loci of the 
moduli space of highly frozen triples. Next we show how to obtain a perfect 
deformation obstruction theory for HFT using the non-perfect deformation 
obstruction theory of FT. 

9.3 A perfect Deformation-obstruction theory of amplitude 
[-1,0] over Sg^V) 

In this section we construct a suitable deformation-obstruction theory over 
the moduli stack of highly frozen triples. First we prove a statement about 
the self duality of the complex E* obtained in Proposition 19.91 

Lemma 9.10. The complex E* in Proposition \9.9\ is self-dual in the sense 
of \BehOS^ . In other words there exists a quasi-isomorphism of complexes 
E* ^> E ,v [l]. 

Proof. Use the notation in Section I9TT1 The derived dual of E* over ^fp^'^ (t') 
is given by 

E ,v := RJt?om(E*,Osj). 
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By Proposition l9.9I E* is quasi-isomorphic to RiTfi* (RJ4?om(I* , I*)o <S> it* x uJx) [2]. 
Now use Grothendieck duality and obtain the following isomorphisms: 



RJt?om(E',Osj) =s RTTz^RJFomxxS} (RJ^om(I* ,V) ®-k x uj x ) [2], vr ! O fl )) 
^ RTT^^RjeomxxSj (^om(f,f) (8 n* x u x ) [2], vr^wx[3]) 
^ i?7r f ^iijrom(0 Xxi!) ,iijrom(r,I , )o[l]) = E"[-l]. (9.20) 

Hence we conclude that E* v [l] = E*. Note that the second isomorphism in 
(|9.20p is obtained using the fact that X is a Calabi-Yau threefold and hence 
ux = O x . □ 

An alternative obstruction bundle for HFT 

Consider the forgetful map it : Sj^p^ (r') — > fi f^f' (j')- We pullback 
the four-term deformation obstruction theory of perfect amplitude [—2, 1] 

over fy^ r T ,n \ T ') Yl8i 7r - After suitably truncating the pulled-back complex 
we (locally) define a perfect two-term deformation obstruction theory of 

amplitude [—1,0] over fi^-p^^'): 

Theorem 9.11. Consider the J^-term deformation obstruction theory E* v 
of perfect amplitude [—2,1] over ^^^^(t 1 ). 

1. Locally in the Zariski topology over ^f^p^ (t') there exists a perfect 
two-term deformation obstruction theory of perfect amplitude [—1,0] which 
is obtained from the suitable local truncation of the pullback 7r*E* v . 

2. This local theory defines a globally well-behaved virtual fundamental class 
overfill '(t). 

Proof: Here we prove the first part of the theorem. Proving the second 
part of Theorem 19.111 requires a technical assumption which we will explain 
in the next section. As we showed before, since fi^fr i 7 *) is an Artin 

stack, the cotangent complex of ^fpj"'^ (t') has a term in degree 1. By 
the canonical exact triangle of relative cotangent complexes in the derived 
category, we have: 

^*L\p F , r , n) -> h\ PF ^ n) ^ -> vr*IL\ PFiI , n) [1], (9.21) 

By Theorem [931 E' v ^ L* is a perfect deformation obstruction 

theory of amplitude [—2,1] for ^/'^'^(t'), such that h° (ob) , h 1 (ob) are 
isomorphisms and /i _1 (o6) is an epimorphism. 
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Proposition 9.12. LetLi = \\ a U a be an atlas of affine schemes for ^I/hft"^ ( r ') • 
Fix one of the maps q :U a — > Sj f^-pj ' (V') ■ The following isomorphism holds 
true in V h {lA a ): 

Hom(g^,g*(7r*E' ( ^ ir , n) [1])) ^ Hom( g *^, g *(7r*L" (PF , r , n) [1])). 

^ S ,FT ( T ) #s,FT ( T ) 

(9.22) 

Hence, in particular it is true that there exists a nontrivial lift g a : q*£l n — > 

^" E ;s-"V) [1)) - 

Proof. Consider the exact triangle 

9 * (7r *E« v ) g*(^L- (PF , r , n) ) Cone«) (9.23) 



induced by pulling back the deformation obstruction theory in Theorem 19. 51 
via it o q : U a — > S^^^' n \T'). By Proposition 15.51 and the exact triangle in 

Hence q*tl n = (g/ r (C)) v Ua . Now apply Hom°(g*fi 7r ,) to the exact 
triangle (|9.23p and obtain 

Hom°(g*^,Cone(o6 t Q )) -> Hom°(g*^, g*(vr*E ,v )[l]) 

-> Hom (g*fi 7r ,g*(7r*L , )[l]) -> Hom°(g*JV, Cone(o6^)[l]). (9.24) 

We prove the statement of the theorem by showing that 

Hom (g*^,Cone(o6* Q )) ^ ^ Horn (q*{l n , Cone(o^)[l]). (9.25) 

Now consider the long exact sequence of cohomology induced by the exact 
triangle in 19.231 

bji^iKE^TT^ K^HttT^^ h- 3 (Cone(o6* Q )) ^> h- 2 (^(vr*E ,v )) 
->• bT^i(7r*E*y)"^ h~ 2 (Cone(o&*J) -> h^g^E^)) -» h-^q^^L*)) 
^ hT^jCenetoS^y^ h°(g*(vr*E ,v )) ^> h°(g*(7r*L')) -> ji^ConefsS^jJ 

h^g^Tr*!' 7 )) ^> h 1 (g*(vr*L')) -> h^Cv^pbt)) 
^h^ir^^^l^ (9.26) 

where we have used the fact that g*(7^*L•) and g*(-7r*E ,v ) are perfect com- 
plexes of amplitudes [—1,1] and [—2,1] respectively and h*(o6^) is an iso- 
morphism for % = 0, 1 and a surjection for i = —1. Hence we conclude that 
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Cone(o6^)) has cohomologies on degrees —2 and —3 only. Now use the fact 
that one can replace the complex Cone(o6^)) with a representative complex 
A* such that A k = for k > —1. Now use the following lemma: 

Lemma 9.13. If Li is an affine scheme and A' is a complex with A k = 
for k > -I, then Hom°(O w , A' [I]) ^ for all I > 0. 

Proof. We use the general fact that given complexes G and F, in order 
to compute the Grothendieck hypercohomolgy Hom l (G,F), one replaces F 
with its injective resolution F — > KV Moreover replacing F with K* is 
equivalent with replacing G with P* such that P* — > G is a projective 
resolution. Now use the fact that locally over U, On is given as a free and 
in particular projective module hence its projective resolution consists of 
one term and one can use Ou itself instead of the complex P* in order to 
compute Rom (Ou, A' [I]). One obtains Hom°(O w , A*[t\) = since O u is a 
flasque sheaf sitting in degree zero. □ 
Now use the fact that by construction q*fl w = (sZ r (C)) v (8)0^ a and apply the 
result of Lemma l9,13l by replacing Ou a with q*Q n and obtain the vanishings 
in (|9,25p . This finishes the proof of Proposition 19.121 □ 

Lemma 9.14. Let q : U a — > #^ F T ( r anc ^ l' : ^0 ~~ ^ ^s^FT™^ 7 "') ^ e 
given as fixed affine charts over $1^ft ( r suc h that the isomorphism in 
Proposition ^. 12\ holds true overU a and Up. Let f a : U a x qxq /Up -^rU a and 
fs -U a Xqxq'Mp Up be the corresponding projection to U a and Up. Then 

Hom°(/:(g*^,g*(vr*E' v )[l])) - Horn (/£*(<?* Or, g*(7r*L' v )[l])). 

Moreover the same statement is true for f a and q replaced by fp and q' . 

Proof. Because ^g^pT ( T ') * s a quasi-projective scheme (Remark 16. 7p then 

an intersection of affine subschemes of ■G^het^ ( T ^ s a ffi ne - Now apply 
Proposition 19. 121 to U a Xqxq'Lip. D 

In what follows in order to save space we denote 55ft := ^i^FT ( T ') 

and -5hft := ^I^ft™^ 7 "')- Now fix U a . By the local existence of the map 
g a in Proposition 19 . 1 21 there exists a commutative diagram over U a : 



tt*E« v \ Ua > Cone( 5a )[-l] — » fi, 



7T*(o&) 



\u a 



oh 1 id 



U„ 



1] \u a > Cone(g a ) 

K*ob[l] \ Ua 



7T * IL ^FT \ U " * L * HFT * ^ \ U <* * ^^FT W \ U <* * HhFT M \ U " 

(9.27) 
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Lemma 9.15. The map ob' : Cone(g Q )[— 1] — > LV P n) k defines 

fi s ,HFT ( T ') 

a perfect 3-term deformation obstruction theory of amplitude [—2, 0] for 
#i^FT ( r over U<x- 

Proof. : We show that Cone(g)[— 1] is concentrated in degrees —2, —1 and 
0, moreover h (ob') is an isomorphism and h~ l (ob') is an epimorphism. The 
proof uses the long exact sequence of cohomologies. For h^ 1 (ob') one obtains: 







/i _1 (7r*E ,v '-■ 1 - ~ ! /.-'- 



Ua) =7T*h-\E^ \ Ua )- 
/l~ 1 (7T*LJ pT | W J = TT'fc" 1 ^ k) 



^(Cone^t-l]) — » 



ft] 



the top horizontal isomorphism is due to the fact that 
Cane(0 a )[-1] : ^*£~ 2 -> 7r*.E _1 -> tt*£ fi„ 



(9.28) 



where I?* correspond to the terms of the complex E* v \y a . The vanishings 
on the left and right of the top and bottom rows of (|9.28p are due to the fact 
that is a sheaf concentrated in degree zero. By Theorem 19. 5( the second 
vertical map (from left) is a surjection and by commutativity of the diagram 
(I9.28P the map h _1 (ob') is surjective. In degrees and 1 one obtains: 







7T* h°(E ,V 



h (Cone(<fa)[-l]) 



vr*h°(o6) \ Ua 



h°(o6 n 



id 



vr^h 1 ^ | w J^h 1 (Cone( 5 )[-l])-0 



n*h\ob) k 



- vr* h u (L* 



s.FT 



h^oft') 



^(^ k)-o 



In this diagram, /i 1 (L* 



(P F ,r,n), , |W a , 
"a.HFT V ) 



(9.29) 

since over ( r ') the trun- 



cated cotangent complex does not have cohomology in degree 1. Moreover 
7r*/i 1 (o6) k i s an isomorphism by Theorem 19.51 Hence h l (ob') = 0. More- 
over by Theorem 19.51 7r*h°(ob) is an isomorphism, hence by the commuta- 
tivity of the diagram (|9.29|) . h°(ob') is an isomorphism. This finishes the 
proof of Lemma 19.151 □ 

In order to obtain a perfect deformation obstruction theory of amplitude 
[—1,0], one needs to truncate the complex Cone(g a )[— 1] so that it does not 
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have any cohomology in degree —2. 

The self-duality of E* gives a diagram of morphisms in the derived category: 



E* > E ,v [l] ► Cone(g a ) 

q-isom 



9l 



-7T Wo 



[1] 



(9.30) 



Lemma 9.16. The natural map 



HomO, (Wa) (ConeGfe),TV \u a [1]) Hom°, (Wa) (E', | Wq [1]) (9.31) 
is an isomorphism. 

Proof. Note that ZY Q is affine and TV [1] = [1], so the statement 

reduces to knowing that H 1 (E* V ) — > H 1 (Cone(g a ) v ) is an isomorphism. This 
follows since E ,v [l] — > Cone(<7 a ) is an isomorphism on H _1 as shown in 
diagram (I9T28]) . □ 

By Lemma f9. 161 factors through a map Cone(g a ) — > T„- \y a [1] which 
is unique up to homotopy. We make a choice of such lift and denote it again 
by g^. Now consider the exact triangle 

Cone(^)[-l] -> Cone( 5a )[-l] A T w \ Ua ^ Cone(^). (9.32) 

Denote G* \u a '- = Cone(g^)[— 1]. In order to finish the proof of Theorem 
19.111 we need one more lemma. 

Lemma 9.17. The complexG 9 \u a defines a perfect deformation obstruction 
theory of amplitude [—1,0] forU a . 

Proof. : By construction 



\U a 



ir*E- 2 -> ^E- 1 T w | Wq ^ 7t*E° Tr*^ 1 . 



This complex has no cohomology in degree 1 and —2, i.e in the following 
commutative diagram, the top row is quasi-isomorphic to the bottom row: 

n * E - 2 d ' , v*E~ l L q > vr*£° ^ | Ma ^— » ^E 1 



Coker(d') > Ker(d) > 

J 

(9.33) 
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moreover there exists a morphism G* \u a — > L* (p ,. n ) |w Q which is given by 

f ^,HFT ( T ') 

the composition of G' \ Ua ^ Cone(c/)[-l] and Cone(g)[-l] ->-L* (P } | Wa . 

^s,HFT ( T ) 

By Lemma [9. 151 this map satisfies the condition of being a deformation ob- 
struction theory. This finishes the first part of the proof of Theorem l9.111 □ 

Remark 9.18. The difference between the construction in Theorem 19.111 
and the construction in |RR09j (2.3) for rank 1 triples (stable pairs) is that, 
for theory of stable pairs, the terms Hom(/*, I*)q and Ext 3 (/*, I*)o are equal 
to zero by stability, however in higher rank, the stability condition does not 
ensure that the stable objects, J*, in the derived category are simple objects. 
Hence applying Theorem 19.111 is necessary to obtain a perfect deformation 
obstruction theory of amplitude [—1,0] for U a . 

10 Virtual fundamental class for HFT 

In Proposition 19.121 we proved the local existence of a map in the derived 
category \u a ^- vr*E ,v [l] \u a , where U a were open subsets given as el- 
ements of a smooth cover U = \J a l4 a of ^^hft™'' ( r ') (Noseda in [Nos07| 
refers to charts in Proposition 19.121 as charts with lifting property). We 
locally constructed the perfect deformation obstruction theory in the first 
part of Theorem 19.111 To prove the second part of Theorem 19.111 we need 
to prove that the local virtual cycles obtained from Theorem 19.111 glue to 
each other and define a well-behaved global virtual fundamental cycle. 

10.1 Semi-perfect obstruction theories 

Followed by constructions in [BFQ7] (Definition 3.7), one needs to choose 
a local embedding over #o^ft ( r 0- Then one constructs the normal cone 
associated to a perfect local deformation-obstruction theory of amplitude 
[—1,0] over this local embedding and proves that this normal cone is in- 
dependent of the local embedding, i.e it remains invariant under the base 
change. The base-change invariance enables one to glue the local normal 
cones constructed over each local embedding and obtain a global cone stack. 
Essentially a global virtual fundamental class is constructible from a global 
normal cone stack [BF97]. The gluability of the so-called local normal cone 
stacks depends on whether the local deformation obstruction theories over 
each chart satisfy the condition of being given as a 11 semi-perfect obstruc- 
tion theory" in the sense of Chang-Li I lu;\ 11. To continue we include some 
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background about the semi-perfect obstruction theories from |Huall| . First 
we state the definition of the numerical equivalence . 

Definition 10.1. |Huall| (Definition 2.5) Let i : T ->■ T' be a closed 
subscheme with T' local Artinian. Let I be the ideal sheaf of T in T' and 
let m be the ideal sheaf of the closed point of T' . We call t a small extension 
if X ■ m = 0. Now Let A4 be an Artin stack and X M a representable 
morphism of a DM stack to an Artin stack. Let IA = \^ a U a ek be a DM 
cover of X by affine schemes. Consider U a — > A4 for some a G A. Consider 
a small extension (T, T',I, m) that fits into a commutative square 




(10.1) 

so that the image of g contains a closed point p (zU a . Finding a morphism 
g' : T' — > U a that commutes with the arrows in (110. ip is called " infinitesimal 
lifting problem of U a /A4 at p" . 

Notation: Given a perfect relative deformation obstruction theory G* — >• 
^'x/M denote by 4> '■ G^ ~ * ^u/m res triction of the deformation obstruc- 
tion theory to U. 

Definition 10.2. Given a U — > M. let (j) : G^ — > be a perfect ob- 

struction theory. For the infinitesimal lifting problem in Definition 110.11 we 
call the image 

ob(<j>,g,T,T') := B 1 (c/) V )(ui(g, T, T')) G ExtV^,X) = Ob(0,p) ®X 

(10.2) 

the obstruction class (of 4>) to the lifting problem. 

Definition 10.3. [Huallj (Definition 2.9) Given two (local) deformation 
obstruction theories <j> : Gy — > , M and 4>' : Gy — > ^y/ M over U as in 
Definition 110.21 we call them ^-equivalent if there exists an isomorphism of 
sheaves: 

^:H 1 (G^)^H 1 (G^) (10.3) 

so that for every closed point p E lA a and any infinitesimal lifting problem 
of U a /A4 at p (as in Definition 110. ip we have 

i> \ p {ob{<j>,g,T,T')) = ob(^,g,T,T') G Ob(0',p) ® k Z. 
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Now consider f)HFT := ^s^hft ( r ')- Let U a and Up be given as two 

charts over ■^^hft"^ 1 "') w ith the lifting property as in Theorem I9.1H Let 
<Pa ■ G* -> L* a/A/( and ^ : G£ ->■ Moreover, let U a p = U a r\Up, 

fa ■ U a p ^ U a and /g : U a p W/j. 

Proposition 10.4. Xei anc? denote the pullback of <j) a and <pp to 
U a p. Then f^<pa and fp(pp are v -equivalent overU a p. 

Proof. We have to show that given a diagram 

T > U a p 



i 

T' > J} H FT 



10.4) 



there exists a map i/j : H 1 (/*G*) V — » H 1 (/^G*) V such that given a class 
ob(f*cf> a ,g a p,T,T') G HH/^IL'^ | w J v ) (Look at diagram JTD3])) and for 
every point p € U a p we have 

"0 | P ob(f*<j) a ,g al3 ,T,T') = ob(fp(j)p,g a p,T,T'). 

Apply the result of Proposition 19.121 to U a and Up and obtain unique iso- 
morphisms as in (|9.22p over U a and Up. Now use the fact that U a p is affine 
and pull back the obtained isomorphisms via f a and fp to U a p and obtain 
a unique isomorphism 

Hom(fi, k,,E'^) - Hom(n x \u af) ,Kp)- 

Now by the uniqueness property there exists an isomorphism in T> b (U a p) 
given by 

K a p : f*E' a -> fpEp. 

By assumption U a and are given as charts with lifting property (The- 
orem [9JTJ, hence there exists lifts Hom(r2 7r |^ Q ,E*[1]) and Hom(ri 7r \u 
,E£[1]) given by g a : fi^ | Wa -> E*[l] and gp : Sl^ E£[l] over ^„ and 

Z^g respectively. Now consider the pullbacks 7*^^ |w a [—1] — >• /*E* and 
fa^n \u a [-1] -» /a E * and note that by Proposition [9JJJ and are 
homotopic to each other over U a p and satisfy the equation: 

fa9a ~ fp9p = doh a p + h a pod 
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where h a p is given as a choice of homotopy. Now take the cone of f^9a and 
fp9p an d obtain the following commutative diagram: 



Cone(/*«7 a )[-l] - 
Cone 



f^\ Ua -^U /*E'[1] 



id 



id 



\ Ufl — >r^m 



where J n 



Cone(f*g Q ) 

Cone(/* 5/3 ), 
(10.5) 



Since the first and the second rows in diagram 



id h a/ 3 
id 

(|10.5p are given by exact triangles one computes the long exact sequence of 
cohomologies and obtains the following commutative diagram: 



id 

H*(/^ \ Up [-1]) 



id 

H*(/M 



ff(Cone(/* 9o ))[-l] - 
ff(J^)[-l] 
ff(Cone(/* 5/3 ))[-l] - 



(10-6) 

Now use [ea87J (Proposition 4.10) and conclude that the left, middle and 
right squares in (110.60 are commutative square diagrams for all i. By com- 
puting the cohomologies in the level of i = — 1 one obtains: 



h- 1 (/M 



id 



H- 1 ^) 



Pi 



H- 1 (Cone(/* 5a )[-l]) 



H-Vctft-l]) 
> H- 1 (Cone(/^)) 



(10.7) 



where the vanishings on the ends are due to the fact that H l (f*£l w \u a 
[-1]) and HX/^^ | Wi)eto [-1]) ^ for i = -1,0. Hence we conclude 
that by commutativity of the middle square H _1 ( J a p[— 1]) is an isomorphism 
of cohomologies and moreover, given any v G H _1 (Cone(/*<7 a )[— 1]): 



ido Pr 1 ^) = p- 1 oH- 1 (J^[-l])(2,). 
Note that given a choice of homotopy fi^o satisfying 

fa9a ~ fp9p = d°Kp + Kp od 



(10.8) 
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and via restriction of the exact triangle in ()9.32j) to lA a p and similar to the 
above procedure we obtain a commutative diagram: 



Gone(/*^)[_i] . 



Cone(/* ffa )[-l] 



f* v 
J a^l a 



Cone(/^J)[-l] > Cone(/* 5/3 )[-l] 



f * T 1 I 

Jq i 7T \U a 

id 

8 ± 7r \Uq 



Cone(/*^) 



J a/3 



->Cane(/£#). 

(10.9) 

Similarly obtain a commutative diagram induced by the long exact sequences 
of cohomologies: 

ff(Cone(/*^)[-l]) - ff(Cone(/*g Q )[-l]) - H'(/* T w \ Ua ) - ff (Cone(/*^) 



ff(Cone(/^)[-l]) - H* (Cone(/^)[-l]) - ff(/*T^ | W/3 ) - ff(Cone(/|«$) 

(10.10) 

Now use |ea87] (Proposition 4.10) and conclude that the left, middle and 
right squares in (|1Q.6[) are commutative square diagrams for all i and in 
particular for i = — 1: 

- H- 1 (Cone(/*^)[-l]) ^ H- 1 (Cone(/* 5a )[-l]) - - H- 1 (Cone(/*^) 



92 



H-^JaM-l]) 



id 



_ H- 1 (Cone(/^^)[-l]) — H l (Cone(/| 5/3 )[-l]) — > -> ^(Cone^ 

(10.11) 

Hence by commutativity of the left square and the fact that H 1 {J a p[— 1]) 
is an isomorphism, then H _1 (J^[— 1]) is an isomorphism and moreover, for 
any \x G H _1 (Cone(/*^)[-l]) we have: 

H-VaM-l]) o qi (jj) = q 2 o H-^J^t-l])^) (10.12) 

Now take an element /it € H _1 (Cone(/*^)[— 1]) and note that by f 1 1 . 8 j) and 
(|10.12p we have: 

ido ft 1 oH- 1 (J^[-l]) 9i(/i) = P2 1 °H- 1 (Ja /j [-l])og 2 oH- 1 (J Q V-l])W 

10.13) 



Moreover Li and Li satisfy the condition that H _1 (L!, )=H _1 (Li 

j>hft Aft j v ^Jhft 1 v Aft 

hence one easily observes that there exist maps Ai : H _1 (/*E* ) — > H _1 (/*(L* 



'•Qhft ^ q 
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)) and A 2 : H-^/^E*) -)• H-^/^L'^ | Ws )) such that the following dia- 
gram commutes: 

H- 1 ^') — -L^ H-H/a^Hp, k)) 

id 



id 

H-^EJ) -^-> H-H/^L'^ |^)). 



(10.14) 



Now by gOJlD and (fT0T3l) it is seen that given n G H- 1 (Cone(/*^)[-l]) 
we obtain an identity 

idoAioido /0 - 1 oH- 1 (J a/3 [-l])o (7l (^) = A 2 oido /9 - 1 oH- 1 (J a/3 [-l])o (72 oH- 1 (J^[-l])( / u). 

(10.15) 

Let ip v '■= id °/3 2 _lo H _1 (J Q/ g[— l])og 2 oH _1 (J^ (3 [— 1]). So far we have seen that 

in the level of H _1 cohomology there exists a map ip v : H _1 (Cone(/*<7^)[— 1]) JZ » 
H- 1 (Cone(/ / |^)[-l]) such that A 2 o Im(V> v ) = Im(Ai). Recall that by our 
notation G* := Cone(g^)[— 1] and G* \up'= Cone(gY)[— 1]. Now dualize 

1 — 

the construction and conclude that there exists a map ip : H (/„G*) V 

H 1 (/|S) V such that S iven a class ob(f*cl) a ,g a p,T,T') G H^/^L'^ | Wq 
) v ) (Look at diagram ()10.4p ) and for every point p G U a p we have 

V> |p ob(fa4> a ,g a p,T,T') = ob(fp(f)p,g al3 ,T,T'). 

This finishes the proof of Proposition 110. 4i □ 

Definition 10.5. [Huallj (Definition 3.1). Let X be a DM stack of finite 
type over an Artin stack Ai. A semi perfect obstruction theory over X — > Ai 
consists of an etale covering U = U ag A Ma of X by schemes, and a truncated 
perfect relative obstruction theory 

4>a ■ G* -> L^/x 

for each a G A such that 

1. for each a, (3 in A there is an isomorphism 

iPap:R x (G' a k^^H^GJ 
so that the collection (H 1 (G* ), iftap) forms a descent datum of sheaves. 

2. For any pair a, j3 G A the obstruction theories <^> Q \u af3 and ^ |^ Q/3 are 
i^-equivalent. 
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The condition (1) above, that the ^-equivalences we have constructed 
induce a descent datum of sheaves on H 1 requires that we carefully choose 
homotopies h a p and h^g on U a g so that the induced composite quasi- 
isomorphisms ip ya o ipg^ o ip a3 induce the identity maps on H . We believe 
that when X is given as local P 1 it is possible to give a rigorous construction 
of such homotopical maps [Shell] . Thus for the purpose of calculations that 
we intend to carry out in this article, for now we assume: 

Assumption 10.6. The homotopies h a p and h£g can be chosen so that the 
collection (H 1 (G* ), ip a p) forms a descent datum of sheaves. 

Theorem 10.7. Suppose that Assumption MO. be holds. Then the local defor- 
mation obstruction theory obtained in Proposition 9.17\ defines a semi-perfect 
obstruction theory over ^i^pT ( T 0" 

Proof. For part (2) of Definition 110.51 apply Proposition 110.41 and conclude 
that <j) a \u aj3 = fa<f> a and 4> B \u afi = fp<Pp are ^-equivalent. To prove part (1), 
first apply Proposition 110.41 and obtain the map 

Now by Assumption 110.6] (H 1 (G* V ), ij) a p) forms a descent datum. This 
completes the proof. □ 

Remark 10.8. The assumption that the descent condition holds should, 
morally speaking, be unnecessary. The local models G* can always be glued 
up to higher homotopies, and thus should always give an oo-stack in which 
the virtual normal cone lives. We expect that in the future a good intersec- 
tion theory for oo-stacks would allow one to construct a virtual cycle using 
this oo-stack. Such a construction is beyond the scope of the present article, 
however. 

Since the deformation obstruction theory constructed in Section 19.31 sat- 
isfies the condition of being given as a semi-perfect obstruction theory in 
the sense of [Huallj . now we apply [Huallj (Lemma 3.3, Proposition 3.4, 
Proposition 3.8) and conclude that the local virtual cycles obtained from 
each locally truncated deformation obstruction theory (Lemma I9.17D glue 
together and define a globally well-behaved virtual fundamental class of de- 
gree zero over fy^^-p^ i T ') ■ This finishes the proof of the second part of 
Theorem EHJ 
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Remark 10.9. It is important to note that essentially (as we will show later) 
the result of our calculations do not depend on the choice of the homotopy 
maps h a /3 and /iXg in Assumption 110.61 In other words, the existence of 
the so-called well-defined homotopy maps will guarantee the existence of 
a theory of highly frozen triples for Calabi-Yau threefolds but no matter 
what choice of homotopy maps we make, it does not have any effect on the 
value of the numerical invariants which we calculate in this theory using the 
equivariant computations. 

11 Classification of torus- fixed HFT over a toric 
Calabi-Yau threefold 

Let X be given as total space of 1) © O p i(— 1) — > P 1 . Consider 

the ample line bundle over X given by Ox{^)- Recall the earlier discus- 
sions where ^^■pT L \ T ') anc ^ ^sF'T ^ ( t ') were defined in Definition 17.11 
It is easily seen that when X = Tot(C P i(-l) © O f i(-1) -> P 1 ) then 
Sg& n V) = m { s P ^ r i n \r') and ^/'"V) = ^/' n) (r'), hence in this 
section we switch back to our earlier notation and use ^^hpt (t') and 

m { s P ^ r ' n \T r ) instead. Note that a point in ^^ n) (r') or m { s P ^ r ' n) (r') is 
represented by a stable highly frozen or frozen triple respectively such that 
the Hilbert polynomial of F is equal to Pp. However in the setting of this 
section X is given as a toric non-compact variety and the Hilbert polynomial 
of F is not well-defined. Therefore in order to define stability, we use the 
geometric stability criteria for triples which is equivalent to r'-limit stability. 

Definition 11.1. Given X as the total space of C P i(-l) © C P i(-l) -> P 1 , 
the highly frozen triples (E, F, <f>, ip) and frozen triples (E, F, 0) are called 
stable if Coker(0) has zero-dimensional support. 

Now redenote ^^hft^ 7 "') as * ne stack °f ^'-stable highly frozen triples 
over X. The reason to change our notation is that from now on we use a 
geometric criterion for stability of triples and we omit the superscript Pp in 
the notation. 

11.1 The geometric action of T = (C*) 3 on WI^ t (t') over 
local P 1 

We study the natural induced action of T = (C*) 3 on the moduli stack of 
highly frozen triples supported over a local Calabi-Yau threefold X given 
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by the total space of N = Opi(-l) © O p i{-1) -> C where C = F 1 . It is 
true that algebraically X = Spec(Sym*(Opi (1) © C P i(l))). Let L\ and L2 
denote the first and second copy of Opi (—1) in N. Let U a be given as a local 
affine chart around € C. By fixing the equivariant structures on L\ and 
L2 we see that there exists an action of (C*) 3 on X which is given locally 
over U a by (Ai,A2,As) * (h,h,s) = (\ih, A2Z2, A3S), where l\ and I2 denote 
any local non-vanishing sections of L\ and L2 respectively and s denotes the 
local coordinate along C . Later in Example 116.21 we carry out computations 
with a two dimensional sub-torus of T which fixes the Calabi-Yau form of 
X, however for now we stick to this notation. 

Definition 11.2. Define the divisor D\ C X as the fiber of X over € 
C, D2 C X as Tot(Li — > C) and D3 C X as Tot(L2 — > C) respectively. 
Moreover, let t( and denote any local sections of L\ and L\ over lA a 

Here we give a local description of the modules associated to the structure 
sheaves of D\, D2, -D3 in U a . It follows by the usual arguments that there 
exists an equivalence of categories T : Coh(X) ^> Modg ym »(7vv) . Locally 
over U a the module over C[^, , s] associated to the structure sheaf of X is 
given by the polynomial ring F{Ou a ) = , t%, s]. Let t±, and t3 denote 
the weights of the action of (Ai,A2,A3) on (0,^,0), (0,0, 1%) and (s,0, 0) 
respectively. One observes that the action of T on the localized structure 
module obtained above provides it with a decomposition into torus weight 
spaces, i.e locally: 

HO Ua )= C[l^q,s](m,n,l). (11.1) 

(m,n,l) 

Remark 11.3. Locally over lA a the divisor D\ is understood by the vanish- 
ing locus of s, therefore inorder to obtain the module associated to Ou a {kD\) 
we consider the C[Zjf, 1% , s]-module generated by i.e T{Ou a {kD\)) = 
(i) fc C[s, l\, I2 ] and since this module is generated by (^) k , it lies in i weight 
space. One may consider divisors D2 and D3 in X and similarly, the module 
structure associated to Ou a {kDi) for i = 1,2 is given by F{Ou a {kDi)) = 

12 The induced action of T on M^ t (t') 

We show that the T-action on X induces an action on 9Jlg r ^ T (r'). Given a 
r'-stable highly frozen triple (E, F, (f), ip) represented by the complex Ox (— n)' 
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F and t 6 T we obtain a new highly frozen triple as follows: Let Wclbean 
open subset. Given t € T. Identify 0x( — 1) with -^l) where L>i is de- 

fined in Definition [1L2J Hence locally over U sections of Ox(— n) are identi- 
fied with sections of Ox{— nD\). Now given a section s € T(Of{— n) |t-i^), 
the composition s o t^ 1 defines a map: 

t*Of(-n) Of(-n) \ u , 

which is an isomorphism. In other words we have chosen an equivariant 
structure for Of{— n). Therefore the induced inverse isomorphism ip -1 

defines a map Of{-n) ^t*Of{-n). Now compose with sections of F 
and obtain a highly frozen triple: 



Of {-n) 

ilj- 1 

t*Of(-n) t*F, 



'12.1) 



Hence we are able to obtain a new r'-stable highly frozen triple (E, t*F, </>', ip) 

represented by the complex Of~{— n) — > t*F such that <f>' = t*(p o ip^ 1 in 
(I12.ip . One needs to show that the composite morphism in (112. ID induces 
a well-behaved pointwise action of T on ^^hftC 1 "')- We prove this fact in 
several steps. First we show in more generality that there exists an action of 
T on the moduli stack of triples of type (P e ,Pf) (i-e WX { s Pe ' Pf) (t')). Then 
we specialize to frozen triples and show that there exists a well-behaved 
action of T on SOT^p^ (V) induced by the pullback. Then by Definition 112.11 
and since the pointwise action of T on highly frozen triples is induced by the 
composition of the isomorphism ip" 1 and pulling back by the torus (t*(p), the 
existence of a well-behaved action of T on ^sUFt( t ') f°ll° ws as a corollary. 

Proposition 12.1. Let X be given as the total space of 0pi(— l)®Opi(— 1). 
Let T be the (C*) 3 action on X. Having fixed an equivariant structure on 
Ox(l), there exists an induced action of T on moduli stack of stable highly 
frozen triples m T : TxM^p T (r') — > ^^hftC 7 "') given bym T (t, (E,F,(p,ip)) - 
rrit*(E,F,(p,'ip) where rrit*(E, F, (p,ip) is defined by the composite morphism 
in [XO 

Proof. The sketch of the proof of this statement is completely borrowed from 
arguments in [K00 O8] (Proposition 4.1). Since Pic(T) = any line bundle on 
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X acquires an equivariant structure. Moreover, a fixed equivariant structure 
on induces an equivariant structure on any twist of Ox(l)- Let n.3 

be a suitable integer as in Section 16,11 We know that for any n > the 
sheaves E and P appearing in the family of triples are globally generated. 
Consider the Quot schemes Q\ and Q 2 that parametrize the flat quotients E 
and F of sheaves V\ ^)Ox(-n') and Vp <8> Ox{— n') respectively with Hilbert 
polynomial Pp and Pp. The moduli stack of triples E — > F is obtained as the 
quotient stack of a scheme 6 by the action of the group GL(Vi) x GL(Vp). 
Note that & is defined as a closed subscheme of A = Q\ x Q 2 x V where 
V is the projective Horn bundle given as V = P(Hom(Vi, Vp) v ). Let Hi = 
Vi <g> Ox(-n') and H 2 = Vp <S> O x {-n'). Let a : T x X -> X denote the 
action of T on X and Pp : TxX -> I denote the projection onto the 
second factor. The T-equivariant structure on X induces the isomorphisms 
: a*7ii PpTii for i = 1, 2 (where T acts trivially on Vi and Vp). It is 
easy to see that the action of T on X lifts to Q\ x Q 2 : 
Let Quot (7^i, Pg) x Quot ("Hi, Pg) be the functor which is representable 
by the product of Quot schemes Qi x Q 2 . In other words there exists an 
isomorphism of functors: 

8 : Quot (Hi,P E ) x Quot ffii, Pjg) ^ Q x x Q 2 , (12.2) 

where Qi x Q 2 = Hom(— , Qi x Q 2 ). Our goal is to define a regular action 
of T on Qi x Q 2 given by the map m T : T x Q\ x Q 2 — > Qi x 62- Let 
pSixQ 2 : TxXxQxxQ 2 — > TxX be the projection onto the first two factors 
and m SlxS2 = a x 1q iX Qi be the lift of the action of T on X x Qi x Q 2 . 
Let CHq! — £,Hq 2 P) be the universal family over Qi x Q 2 . It is 
seen that pre-composing (m 2ix22 )*(ui, u 2 ) with (p^ 2 lxS2 )*(0^, gives 
an element of 

Quot ffii, Pe)x Quot (Hi,P E )(T xQ lX Q 2 ) 9* Hom(T xQ lX Q 2 , Q x x Q 2 ), 

which defines the regular action of T on Q\ x Q 2 . Let i = (Ai, A 2 , A3) G T 
be a closed point. Let ^ : X T x Z denote the injection. Let 

0"Hix« 2 ,t = it{<pHi,4>H 2 ) = {ithix^thii) '■ t*( / Hi, / H 2 ) A (Hi,H 2 )- 

Let g € Qi x Q 2 : (["Hi — h E], \H 2 — ^> P]) be a closed point. It is easy 
to see that there exists a lift of the action of t € T on Q\ x Q 2 which is 
obtained by m T (t, q) = q-t and it corresponds to 

W^O" 1 ) t * E]j [%2 f%2 ^ f * F] y (12 _ 3) 
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The composite morphisms in (|12.3p define the lifted action of T on Q\ x Qi. 
Since the action of T on points of V is trivial one lifts the action of T to 
Qa x 0.2 x V where T acts on Q\ x Q 2 as described above and it acts trivially 
on the points p = Hom(Vi, Vf) v £ V . Let S be the scheme parametrizing 
triples of type (Pg, Pp). Let it C & be the open subscheme of r'-limit stable 
triples of type (Pe,Pf). The regular action of T on Qi x Q2 x V restricts 
to the action of T on it: 

T x it — >iX 

TT 



id>T X 7T 

T x mi P e ' Pf) (t') Wl{ P e ' Pf) (r 



12.4) 



Note that the action of G = GL(Vi) x GL(Vp) is trivial on T and the 
maps fn T , n and it o m T are G-equivariant. By the property of quotient 
stacks, this induces a G-equivariant map T x 2Tti Pj5,Pj ^ (r') WI[ Pe ' Pf \t') 
which defines the induced action of T on 9Jts E ' P (t'). This proof restricts 
easily to the case where Wli PE ' PF \T r ) is replaced by ffi P ££ (r') and one 
obtains the action of T in Proposition 1 1 2 . ll over moduli stack of stable frozen 
triples. Now we use the fact that given any t £ T the action of T on highly 
frozen triples is obtained by pre-composition of the the map t* and the map 
defined by fixed choice of which we denoted by the choice of equivariant 
structure on Ox{— n)® r . This by construction will automatically define an 
action of T on M {P ^\t') (and hence on mt^ T (r')). □ 

For more detailed discussion look at |Koo08| (Proposition 4.1). 

Proposition 12.2. Let S be a parametrizing scheme of finite type over 
C. Let (£,F,(f),ip)s denote a family of stable highly frozen triples over 
S. Suppose that for all t = (Ai,A2,A3) € T we have t*((£,T,(f>,rp)s) — 
(£,J-,4>,tjj)s, then (£ (f), il>)g admits a T-equivariant structure. 

Proof. We give an adaptation of the proof given in [Nev02| (Lemma 3.3) 
to our case. By assumption for any t G T one has , J-", <f>, ip)s = 
{£,J-,(f),i[))s- Let a : T x X — > X denote the torus action on X and 
7T2 : T x X — > X be the projection onto the second factor. Let q : X x S — > S 
be the projection onto S. One needs to show that there exists a map: 

P ■ Ext° dTX(? ((7r 2 x ids)*{S,F,<l>,il>)s, (a x id s )*(£,T,^) s ) -)• TxS , 

(12.5) 
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which is an isomorphism of line bundles over T x S. Here 

E ^id T x g ((^2 x id s )*(£,T,^,ip)sA°' x ids)* (5, J", 4>,^)s) 

:= R°(q x id T )*(jr m((vr 2 x id s )*(£,T,(l>,^) S ,(a x id s )*(£ , T, <j>, $) s )). 

(12.6) 

By definition of ^^hft^ 7 "')) choosing a family of stable highly frozen triples 
over S is equivalent to choosing a unique map S — > TX^^ t (t'). Since 
(a x ids)* (5 , 7, 4>i ip)s anci ( 7T 2 X ids)*(£, 7, 0, are two families over 
9Jt^ T (r'), they both define maps / : T x S -»• ^hft( t ') and 5 : 

Tx5-> *^s'hft(' 7 " / ) respectively. By the uniqueness property, both maps 
are uniquely isomorphic to each other. On the other hand by Lemma 16.61 
the complexes representing r'-stable highly frozen triples are simple objects 
hence: 

Ext °d T xg(( 7r 2 x ids)*(£ , ,J r ,0,V)s,(^ x ids)* 4>,i/>)s) 

* Ext idTXq ((£,T,((),iP) TxS ,(£,T,<t),i>) Tx s) = OtxS- (12.7) 

Now the inverse image of 1 £ OtxS via the map p in (112. 5h gives a section 
of 

which induces a section of 

ExtwrxaCCTa x ids)*(£,^,^, i/>) 3 , (a x id s )*(£, 7", 0, V)s) 

which induces a morphism (7r 2 x ids)* (5, -7, (f>, ip)s — > (er x ids)*(£, -T 7 , ^)s- 
Moreover, it can be checked that this morphism is an isomorphism (point- 
wise) for every point in the moduli stack of stable highly frozen triples hence 
it is an isomorphism and this finishes the proof. □ 

13 The non- geometric action of Tq = (C*) r on 9^s hft( 
and the splitting property of stable highly frozen 
triples 

Definition 13.1. Define an action cr : T x^sHFt( t ') ->■ ^JI^f T (t') 
where T = (C*) r and <tq acts on 9Jlg'jjp'p(^"') by rescaling in components of 
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O x {-n)® r . In other words, given [(E, F, 0, ip)) G WI^ t (t') and (z u ■ ■ ■ , z r ) G 
To we have: 

o ({z u Z2,--- ,z r ),(E,F,<f>,i>)) = {E,F,ij>ov,ij}), (13.1) 

/ zr 1 • • • o \ 

v o • • • z' 1 ) 

where v := E >E. 

Proposition 13.2. Let S be a parametrizing scheme of finite type over C. 
Let (£,F,4>,ip)s denote a family of stable highly frozen triples over S. Sup- 
pose that for all t = (zi, ■ ■ ■ , z r ) G T a {t , (£, F, (j), ip) s ) = {£, F, cj), ip) s 
then (£, F, (ft, ip)s admits a Tq- equivariant structure: 

o-q(£,F,4>,iP) s = p* 2 {£,F,4>,ip)s, 

where p2 ■ To xTl^p T (r') — > ^^ftI 7 "') * s projection onto the second 
factor. 

Proof. The action of To is directly defined over ^^hft^ 7 "') hence one may 
directly apply the proof of Proposition I12.2I to To instead of T and the 
universal family (E, F, (f>,tp) instead of (£,F,4>,i/j)s and use the simpleness 
property of r'-limit stable highly frozen triples. □ 

Remark 13.3. Since the stable highly frozen triples are To-equivariant, 
by Proposition 113.21 it is easily seen that the action of To on a point p G 
^sRFt( t ') (represented by a stable highly frozen triple (E, F,4>,ip)) as in 
(|13.ip induces a To-weight decomposition on E = 0® r (— n). Let (w\, ■ ■ ■ , w r ) 
denote the r-tuple of weights. In fact the only nontrivial weights due to the 
action of To are 

(1, (),••• ,0),(0,1,--- ,()),■•■ ,((),••■ ,0,1). 

Now consider the module M associated to the sheaf O x r (— n) and denote 
by M° the module associated to the sheaf Ox{— n). The graded piece of 
M T ° which sits in (0, • • • ,0) wight space is given by the module © 

• • • © M° © • • • © with M° in z'th position which we denote by Mf. On the 
other hand the T- weight decomposition of M T is given by (jll.lD . Therefore 
the T x To-weight decomposition of M TxT ° is given by 

M TXT O ^0| MPK^ma)) 

(13.2) 
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According to Propositions 112.21 and 113.21 the T x To-fixed points of 
SD^eThft^') are represented by highly frozen triples which admit T x Tr 
equivariant structure. Now let N denote the module associated to F. Given 
a T x To-equivariant highly frozen triple M TxT ° — > iV TxT °, by the prop- 
erty of morphism between two graded sheaves of modules, the sheaf jV TxT ° 
admits a weight decomposition compatible to that of M TxT °. Hence it is 
seen that a torus equivariant highly frozen triple admits a T x To-weight 
decomposition of the following form: 

[ M TXT„ _> ^TxT,,] 



1=1 



M^m 1 ,m 2 ,m 3 ) ->• N^m'^m'^m'^ 



13.3) 



Remark 13.4. The weight decomposition in (|13.3p clarifies the fact that a 
T x To-equivariant r'-limit stable highly frozen triple is decomposable into 
r copies of T-equivariant T'-limit stable highly frozen triples of the form 
Ox(-n) ^F: 

r 

[Of(-n) -> F] TxT » =i [Ox(-n) -»• F} T . (13.4) 



14 HFT partition function over local P 

Let G = T x Tq. The identification of G-fixed points in the moduli space of 
stable highly frozen triples with r-fold direct sum of T-equivariant PT stable 
pairs (Remark I13.4[) enables one to easily calculate the partition function 
for the stable highly frozen triples. Recall from [RR09] that for nonzero 
ft £ H 2 (X, Z) the partition function for stable pairs was given as: 

m 

Here m denotes the Euler characteristic of the sheaf F appearing in a stable 
pair given by O x -> F. Now suppose X = Tot(0 P i(-l) C P i(-l)) -> P 1 . 
By |PT09j when X is given as a local Toric Calabi-Yau threefold the T-fixed 
points of the moduli space of stable pairs are given by isolated points and 
Pm,j8 = #{T — fixed points in the moduli space}. Now let Q m g denote the 
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G-fixed locus of 9^sHFt( t ') which parametrizes the G-equivariant highly 
frozen triples 

r r 

[Of(-n) -+ F] G - [O x (-n) -4 F 4 ] T S [Ox -4 F 4 (n)] T . 
j=l i=l 

with x(-F G ) = m and ch 2 (F) G = /3. Note that if x(F G ) = m and x(-^ T ) = 
rrii then Y^i m i = m - By the resu h in Remark 113.41 it is easily seen that 

r 
i=l 

such that Q m . a for i = 1, • • • , r are given by isolated points (this fact is true 
when X is fixed to be local P 1 ). Hence, we obtain the partition function for 
the highly frozen triples: 

ZUFT = J2 E ^' mi * • • • * *V> P <T' mr ) 

m miH hm r =m 

= E E f n ^ mi ) = (e p ^ 9 nm ) . (14.2) 

m m\-\ \-m r =m \i=l / \ m / 

Here the occurrence of n in the exponent is due to the to the effect of twisting 
the highly frozen triples by the large enough integer n. 

15 The threefold vertex via HFT 

In what follows we compute the Calabi-Yau equivariant vertex via the equiv- 
ariant deformation-obstruction theory of the moduli space of stable highly 
frozen triples. 

15.1 Equivariant obstruction theory on HFT 

The identification of the highly frozen triples of rank r as direct sum of r 
copies of PT stable pairs makes it easy to see that the G-fixed components 
of the moduli stack of highly frozen triples are obtained as r-fold products of 
T-fixed components of the moduli stack of stable pairs which are conjectured 
by Pandharipande and Thomas in |RR09| (Conjecture 2) to be nonsingular 
and compact. 

Let Q denote the G-fixed locus of ^IsBFt( t ')- We assume that Q is non- 
singular, connected and compact. Let lq : Q ^4 TX^p T (r') denote the 



65 



natural embedding. Let Gq := (lq)*G* where G* is the deformation ob- 
struction theory obtained in Theorem 19.111 Let Gq G and Gq™ 1 denote the 
sub-bundles of Gq with zero and nonzero characters respectively. By The- 
orem 19. m the G-fixed deformation obstruction theory restricted to Q is 
given by a map of perfect complexes: 

G^ G Al q . (15.1) 

Here Gq G is represented by a two term complex of vector bundles Gq 1 ' — > 
Gq G . By the virtual localization formula: 



m 

(r,n) / / 



J -"-s,HFT^ r 



E 4 q* ( ;PH n [Qr ) • (15 - 2) 



Where G™q and G™q denote the dual of Gq" 1 and Gq 1,m respectively. 
Now we rewrite (|15.2p with respect to the Euler classes e(Gi t Q) and e(Go,q) 
where Go,q and G^q denote the dual of Gq and Gq 1 respectively. In order 
to do so ones needs to have the description of the virtual tangent space with 
respect to the G-fixed deformation obstruction theory. If Q is assumed to 
be nonsingular, then Lq := — > £Iq. The G-fixed deformation obstruction 
theory (115. ip induces a composite morphism 

G Q 1G - Gq G ^ n Q . 

The kernel of this composite morphism is the obstruction bundle K and by 
definition [Q] mr = e(K v ) n [Q]. One computes the /C-theory class of K v as 
follows: 

[K V ] = [G G Q ]-[G G Q ] + [T Q ], (15.3) 

where G G q and G G q denote the dual of Gq G and Gq 1 ' 6 respectively. 
Therefore one has: 



KG G Q ) 



e (K v ) = 37 ^.e(T Q ). (15.4) 
By (|15.2p and (|15.4p the virtual fundamental class of ^^^hft^') ^ s obtained 



as 



JJl s,HFTl' J 



E iQ.( f p4-e(T Q )n[Q]Y (15.5) 



66 



Now we compute the difference [Go,q] — [G^q] in the G-equivariant K,- 
theory of Q. Consider a point p € Q represented by the complex I* G := 
[0^ r (— n) — > F] G . The difference [Go,q] — [G^q] over this point is the virtual 
tangent space at this point. We use the quasi isomorphism in diagram (|9.33|) 
to compute the virtual tangent space: 

7}? = [Coker(d')] - [Ker(d)] = 

([vr^ 1 ] - [tt*£°] + [^E- 1 ] - [tt*E- 2 ]) + (ptf - ptf) , 

(15.6) 

where E l for i = — 1, • • • ,2 are the corresponding terms of E* v in Lemma 
19.91 and the cancellation in the second row is due to isomorphism of and 
T v which is seen from their triviality. 

By the construction of E ,v in Proposition 19.91 and since the point p € Q 
is represented by I' ,G the following identities hold true: 

7? = El" 1 ) 4 • [Ext*(/' G /- G ) ] = [x(O x ,O x )] - [ X (I' G J' G )}. 

i=0 

(15.7) 

15.2 Computation of X {O x , O x ) - x{I', H 
By definition: 

3 

x(/V) = ^(-ly+jwisxit (/•,/•)) 

i,j=0 

and 

3 

x(O x ,O x ) = J2(-l) i+ iH\SxV(O x ,O x )), 

i,j=0 

By replacing the cohomology terms with the Cech complex obtained with 
respect to an affine open cover [_] a U a we obtain: 

3 

x(/V) = ^(-ir + ^(« (/•,/•)) 

and 

3 

i,j=0 
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By definition the sheaf F appearing in the stable highly frozen triples is pure 
of dimension 1. Therefore, the restriction of F over the triple and quadruple 
intersections of U a 's vanishes and over such intersections I* = 0^ r (—n). 

Definition 15.1. Define: 

7j. r H o (M a ,0 x )-^(-iyH o (« a ,«(r,j'))) 
= U°(Ua P ,o x ) - ^2(-iyR°(u a/3 ,£xt^r,r))) 

a,/3 \ j 

T h = ©((!- r2 ) H °(^7> Ox)) and 7j£] = (1 - r 2 ) E°(U a0J s, O x ). 

(15.8) 

By Definition 115.81 and (I15.7P the virtual tangent space is obtained as: 

T[J'\ = T[i'\ ~ T[i'\ + T[i'\ ~ ( 15 - 9 ) 

Now let T and T be defined as before and G = T x T . Let (ii, *2, ^3) be 
defined as the weights of T. Moreover let (wi, • • • , w r ) be defined as weight 
of the action of To- Here Wi is given by tuples (0, • • • , 1, • • • ,0) where 1 is 
positioned in the i'th position in the tuple. In this section we compute the 
G-character of 7j}.i for i = 1, • • • 4 in (115. 9h . We compute the vertex for 
G-equivariant stable highly frozen triples which are identified with 



®(C#(-„)->jf) 



i=l 



(15.10) 



Recall that super-index T indicates equivariance with respect to the action 
of T. Choose a Cech cover U = U a W a of X. The restriction of each copy 
of 0\{—n) — > F? in (]15.10p to the underlying supporting curve C a of F^ 
induces an exact sequence of the form: 

-»■ Ol(-n) (F?) a -> {Qj) a -> 0, (15.11) 

By r'-stability the sheaf (F^) a may be zero and if it is nonzero then 
the cokernel (Qf) a has to be zero dimensional. Moreover by the split- 
ting property of G-equivariant highly frozen triples it is easily seen that 
Qa := ®i=i(QT)<*i such that each (Qj) a has zero dimensional support: 
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one has Supp(Q G ) := Supp(Qj) a and if there exists (Qf) a for some 



i=i 



with one dimensional support then it contradicts with stability of the orig- 
inal highly frozen triple. Given = ©[ = i(i ? j T )a, we use the procedure 
similar to [PT09] (Section 4.4) and |D. 06| (Section 4.7) to compute the T 
character of each summand, (F^) a . Let Ff a denote the T-character of each 
summand. Let (Pi) a (ti, t2, £3) denote the associated Poincare polynomial 
of 



The Poincare polynomial of (I') a is related to the T character of F{ as: 

■pT _ + (PQq n^l9^ 

(l-ti)(l -t 2 )(l-t 3 )' U j 

where the correction term C™ is the T-character of Ox(—n) with the chosen 
equivariant structure. Now the G-character of Fi is given by: 

^ " ^ ' Fi '° " (l-tl)(l-t2)(l-«3)' ( } 

where is the weight corresponding to the action of To on the i'th copy 
of Ox(—n) and on Ff . The description of C™ depends on one's choice of 
equivariant structure. The T-character of each tr x ((I') a , (I*) a ) as computed 
in [D. 06| (Section 4.7) is given as follows: 

tr x ((I') a , (I') a ) ~ Wl ' ^ ' ^ a ^ a (Pi)a(Pi)a 



(1 _ tl )(l - t2 )(l - t3 ) (1 - - * 2 )(1 - f3 ) 

(15.14) 

The dual bar operation is negation on /C(Q |w a ) and U — > ^ on the equivari- 
ant variables ij. Since I*' G := ©[ =1 (I*' T )a the G-character of x(I*' G >I*' G ) 
is obtained as: 

iry(I*' , I™ ) = Y , \, ; J (15.15) 

" ^ ^ (l-tl)(l-t3)(l-*3) ^ ' 

l<j<r 

Moreover the G-character of F a appearing in I*' G is given by : 

F G n = l^-gg + ELl^-(Pi)a 
(l-t 1 )(l-t 2 )(l-t 3 ) ' 



(15.16) 
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since the G-character of the a-summand of 77). 1 in ()15.8[) is given by: 



1 - Sl<Kr W i W j 1 • (Pj)a(Pj) 
l<j<r 

(1 - ti)(l - t 2 )(l - * 3 ) 



(15.17) 



one computes the a-summand of the G-character of 7^.j as a function of 



F^: 



. p G^ (l-'l)(l-t2)(l-t3) , 1 " (Eij=l ^7 ) • C ^ 
+ *a * Q r— H 



(l-*l)(l-t 2 )(l-t 3 ) 

(15.18) 



Now we compute the G-character of 77?.i , 7rf .1 and Tjj.i . Assume that U a p is 
the affine patch over which the equivariant parameter t\ is invertible. Given 
F = ©[ =1 Fi, Let (Fi) a p denote the restriction of F{ to U a p. Let 

denote the T-character associated to this restriction (Look at |D. 06] (4.10)). 
The G-character of F a p is obtained as 



a/3 



i=l 



By the same argument as above and similar to computations in |D. 06| (4.10) 
one relates the G-character of a/3'th summand of the virtual tangent space 
7J?.] in (H53D to F§, : 



x((i*)^,(i*)^) 



t2h 



*2*3 



+ 



(l-t 2 )(l-t 3 ) 

(15.19) 



here C™^ is a function of n and the correction term that needs to be inserted 
into description of the Poincare polynomial of Ox \u a p m order to obtain the 



6(h), 
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Poincare polynomial of Ox{— n) \u aB - Moreover, we have used the notation 
<K*i) = Sfcez^ - Now assume ^/ Q( g 7 is the affine patch over which the 
equivariant parameters t\ and ti are invertible. The a, f3, 7'th summand of 
7jj.i in ()15.8p is obtained as follows: 

tr *- x «n aflT <n afly ) = (T^j <%)W. 

(15.20) 

Finally the T-character of 7jj.i in f|15.8j) is obtained as: 



^P-W^W = & - E ^WOWfo). (15.21) 

m=i 

Based on above discussion the G-character of the virtual tangent space over 
a point is obtained as follows: 

+ ^ trR -X((l') al3j ,(I') aM ) ~ ^ trR ~X((l') a ^ S ,(.f) a0 .yS) 

(15.22) 



15.3 HFT Redistribution and calculation of equivariant ver- 
tex 

The G-character of the virtual tangent space in (|15.22|) is equal to the 
addition of vertex contributions (the first summand on right hand side of 
(|15.22p ) and the remaining edge contributions. Similar to discussions in 
[PT09j (Section 4.6) one may redistribute the terms in (115. 18j) . (jl5.19j) . 
(|15.20p and ()15.2ip so that they become Laurent polynomials in the variables 
U- 

Define 



r _ f g (S^ ,„-h Wi) ' 



3=1 



t2h 

, F G^ (l-*2)(l-t3) , 1-(EL=1^')'W 

afi afS tiH (l-t 2 )(l-t 3 ) 

(15.23) 
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In that case one can rewrite the edge character (|15.19p similar to |PT09| 
(Equation 4.11). Similarly define 

Cx Q /3 7 = ^ _ t x • (15.24) 

Hence (|15.20p is rewritten as 

GaP~f(h) | + _x G Q( g 7 (t3) ^ 1 ( +-1 ( Ga^{h) , + _i G a/ g 7 (i3) ^ 1 

(15.25) 

Note that here we expand the first term of the edge character in 



i-ti 1 l-t- 1 y i-t 2 2 V i-*r y i-t 



-1 ■ 



1-U 



1 i - *r x / 



in ascending powers of t\ and the second term in descending powers of t\. 
We follow the same rule and expand the first term in (|15.25j) in ascending 
powers of ti and the second term in descending powers of ti. Finally define 

r 

G aM& = {l~Y. w i w f)- ( 15 - 26 ) 

Hence (115. 21|) is rewritten as 

GgfijS i G Q) 3 7 g \ 1 i / G a/ 3 7( ; G Q| 3 7 5 \ 1 \ 1 

i-ti 1 l-tr 1 / 1 -*2 2 1 l-tr 1 / i-^ 1 / 1-*3 



1| / G Q/ g 7 5 j G a ^ 7< 5 \ 1 i / G Q/ g 7 ,5 ,_i G a ^ 7< 5 \ 1 



+ r 3 1 77 + r i i 7=4 1 77 + r 2 1 7~ + r i 



i-ti 1 l-ifVi-fe ' " 2 1 " x l-trvi-* -1 



'2 



(15.27) 

where we expand the first term in (|15.27p in ascending powers of t 3 and 
the second term in descending powers of £3. Now for each U a define a new 
vertex character similar to [PT09] (Equation 4.12): 



3 



V, 



a = tr R . G G + y ^tM (15.28) 

1=1 1 

where ^1,^2,^3 are the three neighboring vertices and 

(ti,U',ti'/) = (ti,t 2 ,t 3 ). 
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Moreover redefine the edge character E Q( g as in |PT09j (Section 4.6): 

^a/3 = h — — I " — 1 (15.29) 

X Z-^ ± Z-^ 

Here the integers m a p and m' a g are determined by the normal bundle Afc a/3 /x 
to the supporting curve C Q( g := Supp(i ? ai g): 

Mc a ^/x = 0{m ap ) ® 0{m' ap ). 

Similarly redefine E Q/ 3 7 and E Q( g 7 £ respectively as: 



' 1 - if 1 1 - ^ / 1 - *2 1 



(15.30) 



and 



E Q/ 3 7 5 — t 3 1 i 2 1 ( t 



-l G a( g 7 5 G a ^ 7( 5 \ 1 



- t 



1 l-ir 1 i-*r V i-tjr 1 

-1 G a/ g 7< 5 G Q( g 7( 5 \ 1 \ 1 



£-1 J £— 1 G a /37<5 G Q/ 3 7 5 \ 1 / G Q( g 7 5 G a ^ 7( 5 ^ 1 



2 11 l-tr 1 l-trvi-tj 1 V 1 i-^r 1 l-trvi-^ 1 

(15.31) 

According to the above redistributions the G-character of the virtual tangent 
space in (115. 22|) can be rewritten as: 

ir R-x(n*,i*) = ^ a + + X] ^a/ 3 ^ + ^Wt 5 (15.32) 

a a/3 a/37 a/375 

Remark 15.2. Given a torus fixed component Q fc of the moduli stack 
of highly frozen triples (here k denotes the length of the zero dimensional 
cokernel sheaf associated to the highly frozen triples) denote V^- = J2 a 
where V a are defined as in (115. 28p . By discussions in |PT09] (Section 4.7) 
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one defines the integral of the evaluation of the contribution of V^k on Q k , 
i.e: 

w(Q) = [ e (T Q )e(-V Q ). (15.33) 

Hence by substituting w(Q k ) in ()15.33[) in Equation 4.14 of |PT09| one 
obtains a definition for the equivariant Calabi-Yau vertex associated to the 
moduli stack of highly frozen triples: 

< T = E^).^ (15.34) 

k 

16 Equivariant vertex for local P 1 

Proposition 16.1. Use the result obtained in Lemma \4-4\ an d Remark \13.3[ 

Given a r-limit stable G-equivariant highly frozen triple 0^ r (—n) G — > F G 
of type (Pf,2) with supporting curve C for F consider the finite length G- 
equivariant cokernel Q G given by Coker(<^) G . Then Q G = Q± © ■ ■ ■ © 
such that each Qf for i = 1, • • • , r is given as a subsheaf of 

U = lim (jeorn(m l ,O c )/Oe) . (16.1) 
i 

In other words a t' -limit stable G-equivariant highly frozen triple of rank r 
with support C is equivalent to a subsheaf ofH in (|16.ip for r S> 0. 

Proof. Since 

Of(-n) G ^F G :=©(C#(-») 

i=l 

each Oj(— n) — > restricted to the supporting curve of F$, is identified 
with Qf appearing in 

-»• 0£(-n) -> if Qj 0, 

and by Proposition 1.8 of [RR09J Qi is identified with a subsheaf of the 
quasi-coherent sheaf 

lhnjrom(m z ,O c )/O c . 
l 

It is easily seen that the cokernel of the original G-equivariant highly frozen 
triple , restricted to C and identified with ®[ =1 Qf, is a subsheaf of the 
direct sum of two copies of the same quasi-coherent sheaf. □ 
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Example 16.2. (One legged vertex over Local P 1 ). Assume that X is 
given as the total space of C P i(— 1) © C F i(— 1) over P 1 (local P 1 ) and r = 2. 

There exists two affine patches U a and Up covering X. According to 
[PT09J (Example 4.9) there exists a combinatorial way of describing X us- 
ing 3 dimensional Young tableaux diagrams. The partitions associated to 
the Newton polyhedron of X on each patch are given as three dimensional 
partitions with m = (l),ju 2 = (0),/i 3 = (0) (Look at |PT09j (Example 4.9) 
for more detail on terminology). We compute the 1-legged equivariant ver- 
tex | r >2 associated to the moduli stack of highly frozen triples of rank 
r > 2. This computation is the higher rank analogue of the computation in 
[PT09] (Lemma 5). The following picture describes the fibers of X over 
and oo on the base P 1 : Let U a , Up denote affine open charts over the divisors 
0, oo on the base P 1 respectively. Let C* act on C by 

i(x ,xi,X2,x 3 ) = (tx ,tx 1 ,t~ 1 x 2 ,t~ 1 x 3 ). 

We identify X as a quotient X ^ (C 4 \Z)/C* where Z C C 4 is obtained 
by setting xq = x\ = 0. Let {[xq : x%], X2, X3) denote the coordiantes in X 
where [xq : x\] denote the homogeneous coordinates along the base P 1 and 
X2,X3 denote the fiber coordinates. Locally in the U a and Up the defining 
coordinates are given as (|^, x 2 x$, x^xq) and (|^, x 2 x\, x%xi) respectively. 
Consider U a . Let us denote the local coordinates in this chart by (xi, x 2 , X3) 
where x\ = ^,x 2 = x 2 xq,x^ = X3XQ. Let H C X denote the hyperplane 
obtained as the fiber of X over € P , i.e locally in U a by setting x\ = 
Throughout this calculation we fix the hyperplane H as a choice of equiv- 
ariant structure on OxiX)- Now consider the action of T = C 3 on X where 
locally over U a is given by (Ax, A2, A3) • X{ = Aj ■ x%. We identify an action of 
(C*) 2 on X which preserves the Calabi-Yau form by considering a subtorus 
T'cT such that 

T' = {(Ai, A 2 , A 3 ) G T I A1A2A3 = 1}. (16.2) 

Let £].,••• , t% denote the characters corresponding to the action of Aj. Iden- 
tify Ox{— 1) — Ox{—H). Locally over U a the Poincare polynomial of 
Ox(— n) \u a is obtained as, 

n 

(i-ti)(i-t 2 )(i-t 3 )' 

Restriction to the affine open patch (3 is equivalent to the change of local 
variables, 

ti i V q 1 1 2 1 y t 2 h h t 3 ti . (16.3) 
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Hence the Poincare polynomial of Ox(—n) \u g is obtained by: 

1 

(l_t r i)(l_(t 2 t 1 ))(l_(t 3 t 1 ))- 

Note that in this case the terms C™ and Cj?j in (|15.18p are and 1 respec- 
tively. Finally the T-character of the Poincare polynomial of Ox(— n) \u aS is 

obtained as ( (i-t 2 )(i~t 3 ) ) Here the term C™^ in (|15.19p is equal to 1. 

To compute the contributions in (|15.28p we need to compute the trace char- 
acters in (|15.18|) over the two patches a and j3 and the edge redistribution 
in (|15.23p . The former are obtained by: 



tr R 



,G^(l-ii)(l-i2)(l-t 3 ) , 1 - {J ^ 



2 



— {— F^- — — — + 

a a ht 2 t 3 (i_t 1 )(i_ t2 )(i_ t3 ) 

/ -1 -In F?-(WI+W 2 ) 

, F G^ a-^ 1 )a-feti))(i-feti)) i- 12 ^^ 

+ r o t R 1 ,~ ~ ; 7= ~ ; r 



" " £ Wi)(t 3 ti) (1 - iT 1 )^ - (*2ti))(l - (tati)) ' 

(16.4) 

Before computing the edge redistribution in f|15.23|) we compute F G , F G , F G p . 
Let us for the moment assume that the G-fixed locus of the moduli stack is 
composed of only one component which parametrizes the stable highly frozen 
triples satisfying the condition that the cokernel of the map Oy (— n) G — > 
is given by a skyscraper sheaf which is supported over k\ torus fixed 
points in U a and k 2 tours fixed points in Up. Later we extend our computa- 
tion to the more general case for all such k\, k 2 . Let Q G denote Coker(^ G ) 

associated to O x (-n)® 2,G ^> F G . Let l(Q G ) = k be the length of Q G . 
Suppose l(Q G \u a ) = k\ and l(Q G \up) = k 2 hence k\ + k 2 = k. Now use 
the fact that by construction Q G = Qj © . Let l(Qf \u a ) = d\ and 
KQl \u a ) = d 2 - Moreover assume l{Qj \u p ) = c\ and l(Qj \u p ) = c 2 . So 
this means that we have the constraint that d\ + d 2 = k\ and c\ + c 2 = k 2 . 
Hence: 

£—dl t~ d2 t Cl t C2 

F a = Wl ■ j- 1 - : + W 2 ■ - 1 - - , Ff = wi ■ - * + W 2 - 



(i-t!)'- (i-t!)'-^-^ (i^r^ 2 (T^if 1 )- 

(16.5) 
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Now we consider the case that the G-fixed locus of the moduli stack con- 
tains more than one component. In this case to compute the contribution 
of box configurations one needs to consider all possible tuples of six integers 
(k\, &2, d±, d>2, ci, C2) such that for a fixed value of k the following three rela- 
tions are satisfied: d\ + d,2 = k\ } c\ + C2 = k 2 and k\ + k 2 = k. Hence we 
obtain the following identities: 



E 



W\ ■ 



di+d,2=ki 



4.-0,1 

(i - h) 



t 



-d 2 



Ff 



E 1 

Cl+C2=fe2 



t C1 



W2 



+ W~ 



1-tl 



t'" 2 



(l-tr 1 ) ' " z (i-tr 1 : 

for all ki , k2 such that ki + k2 = k . 



The trace character in (|15.18p is obtained as: 



(16.6) 



tr 



Wl ■ 



il+d2=ki 



T—di—n 

H 



-d2—n 



+ U>2 



{W1+W2) 'm~ 3 , £ 

1 1 6 d 1 +d 2 =k 1 



W 



-1 "1 



In+di 



+ W, 



-1 n 



(l-*i), 

ln+d 2 



( i_t-i) ( i_t r i) 



E 



dl+d2=fci 
m\+m2=k\ 



+ 



^1 *i 



±7712 — di 



+ 



^2 q 



'm\—d2 2m 2 —d 2 



+ 



^2(l-tl) Wl(l-tl) (1-tl) 



(l-t 2 )(l-t 3 ) 



1 



+ 



(iui+ii) 2 ) 2 
tfiw;2 



(l-*l)(l-t2)(l-*3) 



(16.7) 
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The trace character over Up is obtained as: 

tr R-x^ p ) = ^ w x x + w 2 X )- E \ Wl ' T\ l Ti\ +W2 ' n V-iJ 

C1 +c 2 =k2 v ^ n J k l h )/ 

1 / f _ci f~ C2 



+ £ 



£=i-m 1+ l ^ jP2-mi+l t ~c 2 -m 2 + l 

(i - *i) W2 (i - ti) + ^7 (i - ti) + (i - h) 



Ci+C2=k2 
mi+m 2 =fc 2 

(l-(f 2 t 1 ))(l-(t 3 t 1 )) + i- 11 ^ 



(*2*l)(*3*l) (1 " *r )(1 - (Ml))(l - (*3tl)) 

(16.8) 

By equation (|15.23j) G a p is obtained as: 

G a ,(* 2) *s)-K +«*, K - + Ws + (l-t 2 )(l-t 3 )' 

(16.9) 

Now by equation (|15.28[) the contributions V a and V/j are obtained by the 
following equations: 

T/ , . G a ^(i 2 ,*3) 

^ = ^-x(i^) + (1 _ ^ ( 16 - 10 ) 

Let Q fc denote the G-fixed component of the moduli stack of rank 2 highly 
frozen triples over which the highly frozen triples C^ 2 (— n) G — > F G sat- 
isfy the condition that /(Coker(0) G ) = k. By (|15.32p and f)16.10|) the G- 
equivariant vertex character written as Vq* = V a + Vp is obtained as: 



dl+d 2 



E (W 1 + w ?) ■ ( ■ E + «* • E 'r^ n ) 

+d 2 =fc V V i=l i=l / 



-(wi + w 2 ) • ( ^r 1 • v 4^- + w^ 1 ■ v j^r- ) 



(16.11) 
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Note the similarity between (|16.1ip and the vertex obtained in [PT09| 
(Lemma 5). Now let Sj for i = 1, 2, 3 and Vj for j = 1,2 denote the equivari- 
ant parameters corresponding to characters t{ and Wj respectively. By the 
definition of the equivariant vertex in (|15.2p the coefficient of the degree k 
term in the equivariant vertex in (|15.34|) is obtained by the integral of the 
evaluation of the contribution of Vqk on Q fc , i.e: 



»(Q*) = J e(T Q ,)e(-V Q .) 



n 



d\+d,2=k 



di— 1 \ / (h—1 \ 

vi(v 2 -l)+ Jl ((i + n) Sl ) - (s 2 + s 3 )J ■ f«2(ui-l)+ Yl ((i + n)sx) - (s 2 + s 3 )j 



I'll 



l-v 2 ) + H(-iy • (i + n) Sl 1 • ( v 2 (l - vx) + n(" 1 ) 4 (* + ) 

i=l 7 v i=l 

(16.12) 



It is easy to see that following the same calculation the fc'th coefficient of 
the equiavriant vertex for r > 2 case is obtained as: 



W (Q k )= n 

di+d2=k 



r . r dj—1 . 

n ( (~ v 3 + n ^) + n ((* + n ) s i) - ^ + ^) ) 

j=l ^ Z=l i=l ' 

n Uvj + i-iy- 1 n t*) + nc-iy • <• + n) S1 ) 

7=1 ^ i=l i=l ' 



(16.13) 



Remark 16.3. Setting v% = v 2 = 1 in (|16. 12|) would result in the following 
equation: 



di+d2=k 



il— 1 v /^2-l \ 

]J ((t + n)si) - (s 2 + s 3 ) ) • ( II ((» + - (*2 + ss) ) 

i=0 ' \ i=0 '_ 

(Y[(-iy-(i + n)sX(Y[(-iy(i + n) Sl 



(16.14) 

Now use the condition on Calabi-Yau torus and set s\ + s 2 + S3 = 0. This 
is equivalent to ns\ — (s 2 + S3) = — (n + l)(s2 + S3). Now use this fact to 
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simplify (|16.13p and obtain: 



di-1 



(S2 + S3) 



) 



JJ(i-(„ + l) 



W 



(Q k )= n 



i=0 



(-l)<fc+<*i(ra + di)!(n + d 2 )! 



di+d 2 =k . 



(16.15) 



which is (up to a shift by n + 1) the g fc 'th coefficient of the generating series 
associated to the equivariant vertex given by: 



^?0 F 0|r=2= ((1 + q) ^ ■ (16.16) 




This result confirms the identity in Equation (114. 2\\ . Moreover, similar to 
above, applying the same simplification to (|16. 13j) we obtain the 1-legged 
equivariant vertex over local P 1 associated to highly frozen triples: 



Remark 16.4. The computation of equivariant vertex for more general local 
toric Calabi-Yau threefolds with outgoing partitions < ^1,^2,^3 > requires 
more detailed combinatorial calculations. However, one can compute the 
associated partition functions in those general cases if one fully understands 
the equivariant PT vertex in rank 1. In other words it is seen from our 
calculations that if the PT vertex with respect to variable q is given by 
W^ l fi2 „ 3> = G(q) then the HFT partition function is obtained by 



Remark 16.5. Note that in rank 2 case unless special choices are made 
for the values of W\,W2, the result of the theory depends on v\,V2 and the 
choice of twisting n. However, it is interesting to point out that by looking at 
(|15.23p and (115. 18|) it is observed that having the characters w\ , W2 to satisfy 
the relation w\ + W2 = would eliminate all terms in (I15.23P and (115. 18|) 
with t™ or t^ n occurrences and hence results in a theory independent of the 
twisting n. Moreover similar situation exists when carrying out calculations 
for rank> 2. This seems to be a very interesting feature of the theory of 
highly frozen triples which we will approach in more detail in our future 
endeavors. 




(16.17) 



-HFT 

<Ml,^2,M3> l r 



(G(g)) (n+1)(r) • 
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